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PREFACH., 


Tue following pages have grown out of what was ori- 
ginally intended to be an Appendix to a work on the 
Geometry of Three Dimensions, which I have had for 
some time in preparation. I found that it would be 
desirable to add at the end an explanation of such 
algebraical principles or terms as | might find it con- 
venient to employ, and for an account of which I could 
not refer to any elementary works already in the hands 
of students. I had added a similar Appendix to a 
“Treatise on the Higher Plane Curves,” which I pub- 
lished a few years ago, but this branch of Mathematics 
has made such rapid progress of recent years that my 
former sketch has become now out of date, and would 
not suffice for my present purpose. In attempting to 
re-write it, 1 have been led on by degrees to enlarge my 
plan, and indeed at one time contemplated the publica- 
tion of an extended course of Higher Algebra, includ- 
ing, for example, in addition to the topics touched on 
in the following pages, those treated of in M. Serret’s 
Lessons, a work from which I have borrowed the title 
of mine, though in other respects his Lessons and mine 
have little in common. Ultimately I have limited these 
Lessons to what I have called the Modern Higher Al- 
gebra, but which I might with greater precision have 
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called the Algebra of Linear Transformations, a depart- 
ment of Analysis which has been created during the 
last twenty years. 

It may be said to date from a paper published by 
Professor Boole in the “Cambridge Mathematical Jour- 
_nal” for November, 1841, which was mainly occupied 
with applications of the following theorem: Let an or- 
dinary algebraic equation be made homogeneous by 
writing «:y for x; let these variables then be linearly 
transformed by writing Aw + uy, A’a@ + p’y for # and y¥; 
and let V = 0 be the condition that the transformed 
equation shall have equal roots; then the function V will 
be equal to the similar function for the original equa- 
tion multiplied by a function of A, p, A’, yw’, and not in- 
volving the coefficients of the original equation. ‘he 
truth of this principle is manifest from the fact that if 
the original equation have a square factor, the trans- 
formed must have one likewise; that, therefore, one of 
the functions in question must vanish whenever the 
other does, and, consequently, the one must contain the 
other as a factor; and since each of the coefficients of 
the transformed only contains in the first degree the 
coeflicients of the original, the two functions, being of 
the same degree in those coefficients, can only differ by 
a quantity independent of them. Similar reasoning ap- 
plies to functions of any number of variables. 

Mr. Boole having in the paper just cited made 
important use of the principle here enunciated, Mr. 
Cayley subsequently proposed to himself the problem 
to determine @ priori what functions of the coeffi- 
cients of a given equation’ possess this property of 
mvariance: viz., that when the equation is lnearly 
transformed, the same function of the new coefficients 
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shall be equal to the given function, multiplied by a 
quantity independent of these coefficients. The result 
of Mr. Cayley’s investigations was, to discover that the 
property of invariance was not peculiar to the functions 
which had been discussed by Mr. Boole, and to bring 
to light other important functions possessing the same 
property. Subsequently it was found that functions 
could be formed involving the variables as well as the 
coefficients, and possessing the same permanent relation 
to the original equation: that it was thus possible to 
form two functions connected by a certain relation 
between their coefficients, and such that when both 
functions were linearly transformed, the same relation 
should continue to exist between their coefficients. 
Functions so related have been called covariants. 

The geometrical importance of this theory is now 
manifest. When we are given the equation of any 
curve or surface, the theory of linear transformations 
at once presents us with equations representing other 
curves and surfaces, and possessing permanent relations 
to the given one, which will be unafiected by any change 
of the axes of co-ordinates. And in like manner the 
same theory presents us with certain functions of the 
coefficients of the given equation, the vanishing of which 
must express a property of the given curve or surface, 
wholly independent of the choice of axes. Besides these 
geometrical applications, the theory has other important 
uses, which | shall not stop to enumerate. 

That so valuable a theory is not yet as well known 
in this country as it deserves to be, must arise from the 
difficulty of becoming acquainted with it. I am sure 
that there are many mathematicians who find with regret 
that the more recent memoirs on this subject are unin- 
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telligible to them, in consequence of their having over- 
looked the earlier memoirs, of the importance of which 
they were not aware at the time that they were pub- 
lished. And I feel that such persons will be ready to 
welcome an elementary guide to this branch of Algebra. 
I am very far from being satisfied with the manner in 
which I have here supplied this want. There are some 
parts of the following Lessons which I believe might 
have been compressed with advantage, and the space so 
gained might have been filled up with more important 
matter. I might plead as my apology the little leisure 
that other engagements have left me either for writing 
or for the necessary reading; if it were not that I have 
a better apology in the fact that no one more competent 
has fulfilled the task which is here attempted. 

A considerable part of the following pages having 
been written at a distance from books, I have been able 
to add fewer references than I could. have wished to 
my sources of information. It is, therefore, right to 
state here that these Lessons make no pretension to 
originality, and that far the greater part of them is 
derived from the Papers of Mr. Cayley, and of his — 
fellow-labourer, Mr. Sylvester, in the “Cambridge and 
Dublin Mathematical Journal,” and in the “ Philoso- 
phical Transactions.” The only other important ac- 
knowledgments which it occurs to me to add to those 
made in the text are, that in Lesson VIII., in which 
the subject of Invariants is introduced, I have mainly 
followed the method of Professor Boole’s Memoir (“Cam- 
bridge and Dublin Mathematical Journal,” vol. vi., p. 87), 
a paper to which I look back with interest, as that from 
which I myself derived my first clear ideas as to the nature 
and objects of the Theory of Linear Transformations. 
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On the subject of the first three Lessons, I have to 
refer to Mr. Spottiswoode’s “ Theorems concerning De- 
terminants,” contributed to “ Crelle’s Journal,’ and also 
published separately by Longman and Co.; and to 
Brioschi’s “Theory of Determinants,” translated from 
Italian into French by M. Combescure. On comparing 
the number of pages occupied by my Lessons on Deter- 
minants with those devoted to the subject by M. Brioschi 
or by Mr. Spottiswoode, it will be evident that I have 
made many omissions, my object being principally to 
explain such parts of the theory as I should after- 
wards have occasion to employ. The reader will find 
in Mr. Spottiswoode’s Preface a historical sketch of the 
progress of this theory. 
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LESSONS ON HIGHER ALGEBRA, 





LESSON I. 
DETERMINANTS.—PRELIMINARY ILLUSTRATIONS. 


1. Ir we are given x homogeneous equations of the first degree 
between 2 variables, we can eliminate the variables, and obtain a 
result involving the coefficients only, which is called the deter- 
minant of those equations. We shall, in what follows, give rules 
for the formation of these determinants, and shall state some of 
their principal properties; but we think that the general theory 
will be better understood if we first give illustrations of its appli- 
cation to the simplest examples. 

Let us commence, then, with two equations between two 
variables— 

az + by = 0, a,x + by = 0. 
The variables are eliminated by adding the first equation multi- 
plied by 0, to the second multiplied by - 4,,, when we get 
a,b, — a,b, = 0, which is the determinant required. The ordinary 
notation for this determinant is 
ay, 0, | 

Ary by 
We shall, however, often, for brevity, write (@,b,) to express this 
determinant, leaving the reader to supply the term with the ne- 
gative sion; and in this notation it is obvious that (@,b,) =— (@,),)- 
The coefficients a,, 2,, &c., which enter into the expression of a_ 
determinant, are called the constituents of that determinant, Ce 


the products a,b,, &c., are called the elements of the determinant. 
B 4 
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2. It can be verified at once that we should have obtained the 
same result if we had eliminated the variables between the 
equations 
a,x + ay = 0, bx + by = 0. 

In other words— 7 
Gy, b, 
Ar, bz 


~ 


Q,, Az 
by by 
or the value of the determinant is not altered if we write the ho- 
rizontal rows vertically, and vice versd. 














3. The notation 
| Qiy Ax, As 
bi, by, bs 
(where the number of columns is greater than the number of 
rows) is used to denote the three determinants, which can be 
obtained by suppressing in turn each one of the columns, viz. : 
the three determinants, (a.);), (a30,), (a:b.). These three de- 
terminants are connected by the following identical relations : 


a, (ab) + Az (a;b;) Ss a3 (a,b2) 4 0, 
b, (a,b) = 5 b, (a;b;) + b;(a,b2) = 0. 


These relations can be verified at once by writing them at full 
length; for instance, 











@,(a2b;— a3b,) + @2(as3b, — a,b;) + a; (a,b, - a,b,) = 0. 


But the following method will serve better to show how to ob- 
tain corresponding identical equations in the case of determinants 
of higher order. Take the two equations, 


QA,e + A2Y + A32 = 0, bz + by + bz = 0; 


and by eliminating y and z alternately, solve for x and y in terms 
of z. We shall find 


(a,b,)x = (ab) 2, (a,b.)y = (43b)Z, 


which values, substituted in the two original equations, give the 
identities already written. 


4. Let us now proceed to a system of three equations— 


Het+by+aqz=0, aetthyt+az=0, art by + o2=0. 
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Then, if we multiply the first by (a.b,), the second by(a;6,), the 
third by (@,0,), and add; the coefficients of x and y will vanish in 
virtue of the identical relations of Art. 3, and the determinant 


required is 
C,(@2b;) + €2(a3b,) + €3(a,b.) = 0; 


or, writing at full length, 
C,2b, — Cab, + €,3b, — €,4,b, + cb, — c3a,b, = 0. 
It may also be written in either of the forms, 
a, (6.C3) + a,(b5¢;) + Gs (d,c2) =0, (€.as) + b,(€3@) + b;(€,a2) = 0. 
This determinant is expressed by the notation 
= a, by, C, | 
Uz bey Ce 
As, Ds, C5 
though we shall often use for it the abbreviation (a,4.c;). 
It is useful to observe that 
(a,b5C;) = (a,b.c3), but (a,)5€2) a (a,b2¢;). 

For by analogy of notation, 
(a2b3¢,) = a2(b3¢,) + a3(b,c2) + a,(b.¢3), which is the same as (a,6.c3), 
while 
(a,b,€2) = a;(b3¢2) + a;(b.¢,) + a2(b,¢;), which is the same as — (a,0,¢;). 

8. We should have obtained the same result of elimination if 
we had eliminated between the three equations— 

ar+a,yt+az=0, b2+ b,y+bz2=0, e.4+4+ y+ 2 = 0. 
For if we proceed on the same system as before, multiplying the 
first equation by (0,c;), the second by (¢,a;), and the third by 
(a,b;), and add, then the coefficients of y and z vanish, and the 
determinant is obtained in the form 

a,(b2¢3) + b,(€,a3) + &(a2b5), 

which, expanded, is found to be identical with (a,b,c,;). Hence 


Qi, b,, Cy Qiy Az, G3 
Qe bo C2| = b,, bo, b; 
Q35 bs, C3 Cl, C25 C3 


or the determinant is not altered by writing the horizontal rows 


vertically, and vice ve versd; a property which will be proved to Be 
true of every determinant. 
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6. Using the notation 
Qi Azo Tz, Ay 
bi Ba, Boy Bg 
Cy C29 Coy Cy | 
to denote the system of determinants obtained by omitting in 
turn each one of the columns; these four determinants are con- 
nected by the relations 
Gi, (Ab30,) — Az (AsbyC1) + a3 (asb,c2) — a, (a,b,c) = 9, 
Bb, (a2b3Cx) — b,(asbyC,) + 6, (asdie2) — b,(a1b,c3) = 0, 
C1 (Ab3Cy) — C2(A3bsC,) + C3 (AybiC2) — C,(ayb2¢3) = 0. 
These relations may be either verified by actual expansion of the 
determinants, or else may be proved by a method analogous to 
that used in Art. 3. Take the three equations: 
Q,% + Ay + Azz+ aw = 0, 
ba + boy + bsz + bw = 0, 
CL + GY + C,% + cw = 0. 
Then (as in Art. 5) we can eliminate y and z by multiplying the 
equations by (:¢;), (€:43), (@2b3), respectively, and adding, when 
we get 
(a,b.c3) @ + (a,b,c,) w = 0. 
In like manner, multiplying by (0,¢,), (€:@1), (@3b;) respectively, 
we get 
(azb3¢,) y + (ayb,0,) w = 0. 
_ And in like manner, 
(a3b\c,) 2 + (ayb\c,)w = 0. 


Now, attending to the remarks about signs (Art. 4), these 
equations are equivalent to 


(ab,¢;)a@ =—(a2b3C,)w, (a1b.c,)y = (dbs, )w, (ab2c3)z = — (4,bC)w. 
And substituting in the original equations the values for x, y, 2, 
just found, we obtain the identities which it is required to prove. 


7. If now we have to eliminate between the four equations 
aye + by + z+ dyw = 0, 
art + bay + oz + daw = 0, 
A,t + by + cz + dsw = 0, 
ac+ by +¢2+ dwe=d, 
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we have only to multiply the first by (a,b;c,), the second by 
~ (a,b,c,), the third by (a,,c,), the fourth by — (a,5,¢;), and add, 
when the coefficients of a, y, z vanish identically, and the deter- 
minant is found to be 


d,(a,b3¢,) — de(asbyce,) + d;(agyc,) — d(ayb.c3) = 0; 
or, writing it full length, 
Q,b.03d, — AyD3C,d, + abe, , — Azb,cxd4 + Ayb,C,d4 = A3b.¢,d, + a,bye.d, 
— ayb,c.d,; + ayb.cyd, — aybjcod, + asb\cyd, — abyce,d,; + azb.c,d, 
— azbce,d, + ayb,c;d, — ayb,c\d, + a,byceyd, — a,bye,d, + azbye,d, 
— a,b,0d, + aybjce,d, — ayb,e,d, + agb,0yd, — azbyc.dy 0. 


8. There is no difficulty in extending to any number of equa- 
tions the process here employed; and the reader will observe 
that the general expression for a determinant is © + a,b,c;d,, &e., 
where each product must include all the varieties of the n letters 
and of the suffixes, without repetition or omission, and the 
determinant contains all possible such products which can be 
formed. With regard to the sign to be affixed to each element of 
the determinant, the following is the rule :—‘* The [he sign + or — ts 


affixed to each product according as it is derived from ved from the first first 
term by an even or odd number of permutations of suffixes.” 


Thus, in the last example, the second term a,),c,d, differs from 
the first only by a permutation of the suffixes of 6 and ¢; it 
therefore has an opposite sign. The third term, a,,¢,d,, differs 
from the second by a permutation of the suffixes of a and ¢; it 
therefore has an opposite sign: but it has the same sign with the 
first term, since it can only be derived from it by ¢wice permuting 
suffixes. 


Ex.—In the determinant (abeesdse5), what sign is to be affixed to the element 
azb5Coll es? 

From the first term, permuting the suffixes of @ and c, we get asbecidses, the first 
constituent of which is the same as that in the given term: next permuting the 
suffixes of d and e, we get a3bsc1dxea, which has two constituents the same as the 
given term: next, permuting c and e, we get dabscedie1: lastly, permuting d ande, we 
get the given term a3b5¢zd\e,. Since, then, there has been an even number (four) of 
permutations, the sign of the termis +. In fact, the signs of the series of terms are 


aybacgdses = azbec\dses + A305Cid4e2 a azh5Codsey + 3050211 C4 


9. 4 cyclic_interchange of Se euce alters the sign when the 


number of tern ms tn the product ts even ; but not so when the num- 
Sane a 
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ber of terms is odd. Thus a,b, being got from a,b, by one inter- 
change of suffixes, has a different sign; but a.b;c, has the same 
sign with a,b,c, from which it is derived by a double permutation. 
For, changing the suffixes of a and b, a,b,c; becomes azb,¢;, and 
changing the suffixes of 6 and c, this again becomes a,6,¢,. In 
like manner a,},¢,d, has an opposite sign to a,b,c3d,, being derived ~ 
from it by a triple permutation, viz., through the steps a,b,¢sd4, 
Uz03C\A4, Aeb3Csdy: 


10. We are now in a position to replace our former definition 
of a determinant by another, which we make the foundation of 
the subsequent theory. In fact, since a determinant is only a 
function of its constituents a, b), c:, &c., and does not contain 
the variables a, y, z, &c., it is obviously preferable to give a de- 
finition which does not introduce any mention of equations be- 
tween these quantities 2, y, z. 

* Let there be n? quantities arrayed in a square of n columns 
and n rows, then the determinant of these quantities is the sum 
with proper signs (as explained, Art. 9) of all possible products 
of m constituents, one constituent being taken from each horizon- 
tal and each vertical row. It is very common to write the con- 
stituents of a determinant with a double suffix, the first suffix 
denoting the row, and the second the column, to which the con- 
stituent belongs. ‘Thus the determinant of the third order would 


be written— 
Qis1, Aj,23 Gigs 


Q251, A229 Gay3 





| 3515 3929 Asy3 
or else 
= + i519 e529 A353 


where in the sum the suffixes are interchanged in all possible 


ways. 


* We might have commenced with this definition of a determinant, the preceding 
articles being unnecessary to the scientific development of the theory. We have 
thought, however, that the illustrations there given would make the general theory 
more intelligible ; and also that the importance of the study of determinants would 
more clearly appear, when it had been shown that every elimination of the variables 
from a system of equations of the first degree, and every solution of such a system, 
gives rise to determinants, such systems of equations being of constant occurrence in 
every department of pure and applied mathematics. | 
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Again, the preceding notation is sometimes modified by the 
omission of the letter a, and the determinant is written 


(1,1), (1,2), (153) 
(2,1), (2,2), (2,3) 
(3,1), (8,2), (3,3) 

* Although these notations have several advantages, yet they 
are so cumbrous that we have preferred the method employed in 
the preceding Examples, of writing all the constituents in the 
same row with the same letter, and those in the same column 
with the same suffix. 

Constituents 3 such _as (12), (21), are said to be conjugate to 

each other, that is, when the place which each occupies in the 
horizontal rows is the same as that which the other occupies in 
the vertical rows. A determinant-is said to be eae when 








Ce eer™ ay 
bad, 4 
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LESSON II. 
MULTIPLICATION OF DETERMINANTS. 


_11. We have in the last Lesson given the rule for the forma- 
tion of determinants, and exemplified some of their properties in 
particular cases. We shall in this Lesson prove these properties 
in general, together with some others, especially those necessary 
to the establishment of the fundamental theorem, that the pro- 
duct of two determinants can be expressed as a determinant. 

The value of a determinant is not_altered if the vertical rows 
be writien horizontally, and vice versdé (see Arts. 2, 5). 
This follows immediately from the law of formation (Art. apt 





* For another notation for determinants (Mr. Sylvester’s), see note on ‘‘ Com- 
mutants.” 
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which is perfectly symmetrical with respect to the columns and 
rows. One of the principal advantages of the notation with 
double suffixes is that it exhibits most distinctly the symmetry 
which exists between the horizontal and vertical lines. 


12. [fany two rows (or two columns) be interchanged, the sign 
of the determinant ¢s altered. 

For the effect of the change is evidently a single permutation 
of two of the letters (or of two of the suffixes), which by the law 
of formation causes a change of sign. 


13. [ftwo rows (or if two columns) be identical, the determi- 


nant vanishes. 
~~ For these two rows being interchanged, we ought (Art. 12) 
to have a change of sign: but the interchange of two identical 
lines can produce no change in the value of the determinant. Its 
value, then, does not alter when its sign is changed; that is to 
say, it is = 0. 

This theorem also follows immediately from the definition of 
a determinant, as the result of elimination between 7 linear 
equations. or that elimination is performed by solving for the 
| variables from z-1 of the equations, and substituting the values 
- so found in the rn”. But if this x equation be the same as one 
of the others, it must vanish identically when these values are 
substituted in it. 


14. Ifevery constituent in any row (or in any column) be mul- 
tiplied by the same factor, then the determinant is_multyplied by 
that factor. 


This follows at once from the fact that every term in the ex- » 
pansion of the determinant contains as a factor, one, and but one, _ 
constituent belonging to the same row or to the same column. 

Thus, for example, since every element of the determinant 





Ay, by, Cy 
A2,5 ag Co 
35 es C3 
contains either a,, a, or a3, the determinant can be written in the 


form a, A, +.a,A, + 4;A; (where neither 4,, 4,, nor A; contains any 


MULTIPLICATION OF DETERMINANTS. 9 


constituent from the a column); and if a, a2, a; be each multi- 
plied by the same factor p, the determinant will be multiplied by 
that factor. 


15. [fevery constituent in any row (or in any column) be_re-_ 
solvable into the sum of two others, the determinant_ts resolvable _ 
into the sum of two others. 

This follows from the principle used in the last Article. Thus, 
ifin the Example there given, we write a, + a, for a,; 5, + B, for 
b:; (+7: for cq; then the determinant would become 
(@,+ a1) Ai + (2,4+ Bi) Bi+ (a + ni)Qh 

= {a,4, + 6,8, 4+ 6,01} + {Ait BiBi+y.Ci}. 
‘Thus we have 





QA, + M1, Ag, a3 Qi, Ae, As a1, Az, As 
bi + 2, b,, 63 |= | 1, be, bs | + 31, bs, 6; 
Cr+ Vir Cx C3 Ci, Ca, C3 Yi» €2, C3 


In like manner, if the terms in any one column were each the 
sum of any number of others, the determinant could be resolved 
into the same number of others. 


k6. Ifagain in the preceding, the terms in the second column 
were also each the sum of others (if, for instance, we were to 
write for a,, a,+ a2; for &, b.+ (32; for c,, ¢.+ 72), then each of 
the determinants on the right-hand side of the last equation 
could be resolved into the sum of others; and we see, without 
difficulty, that 


(a, + Ai, b, i Bos C3) = (a,b.C3) “}: (a,[32¢3) + (aib2€3) aia (ai[32€s). 


And if each of the constituents in the first column could be re- 
solved into the sum of m others, and each of those of the second 
into the sum of 2 others, then the determinant could be resolved 
into the sum of mn others. For we should first, as in the last Ar- 
ticle, resolve the determinant into the sum of m others, by 
taking, instead of the first column, each one of the m partial 
columns; and then, in like manner, resolve each of these into 2 
others, by dealing similarly with the second column. And so, in 
general, if each of the constituents of a determinant consist of 
the sum of a number of terms, so that each of the columns can 
Cc 
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be resolved into the sum of a number of partial columns (the 
first into m partial columns, the second into n, the third into 
p, &c.), then the determinant is equal to the sum of all the deter- 
minants which can be formed by taking, instead of each column, 
one of its partial columns, and the number of such determinants 
will be the product of the numbers m, n, p, &c. 


17. We come now to one of the most important theorems on 
the subject of determinants. 
The product of two determinants ts the determinant whose con- 


stituents are the sum of the products products oft the constituents in any row 
of one by Pn hae corresponding constituents in any row of the other. 

For example, the product of the determinants (a,,¢c;) and 
(a,3zys) 18 

a\a, + bi: + CiY1i9 G&A, + bi. + CyY29 a3 + 6,23 + CiY3 

Aza, + b.(9, + C2Y1i2  &2a2 + b.3. + C2Y29 A2A3 + 6.33 + C2Y3 

@3a, + 0331 + C3713 Agag + bs + Csy29 3a3 + b:33 + sys 


The proofs which we shall give for this particular case will apply 
equally in general. Since the constituents of the determinant 
just written are each the sum of three terms, the determinant can 
(by Art. 16) be resolved into the sum of the 27 determinants; ob- 
tained by taking any one partial column of the first, second, and 
third column. We need not write down the whole 27, but give 
two or three specimen terms. 


QiAi5 &)A2, Q1a3 @Qi5 bi B25 C1Ys QyQ15 CiY29 b,(35 
A2Qj19 A229 Azd3 | + |} Az, b,x, Co¥s | + | Ardy CoY25 6.33 + &e. 
@3Q15 A329 A3a3 AzQ19 b3P25 C3Ya Asi, C329 b3)33 


Now it will be observed that in all these determinants every 
column has a common factor, which (Art. 14) may be taken out 
as a multiplier of the entire determinant. ‘The specimen terms 
already given may therefore be written in the form 


Qi, A, A, Phy, O15 4 Qi, Ci, Oy 
1203 | Azy Az, Ap | + aifd27s Az, Dz, C2 | + a1 2/33 Az, Coy dy 
35 Az, A3 | Q3y bs, C3 Ay Cay bg 


But the first of these determinants vanishes, since two columns 
are the same ; the second is the determinant (a,b,c;); and the third 
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(Art. 12) is = - (a,6,c;).. In like manner, every other partial 
determinant will vanish which has two columns the same; and it 
will be found that every determinant which does not vanish will 
be (a,0.¢;), while the factors which multiply it will be the ele- 
ments of the determinant (a,(3.7s). 


It would have been equally possible to break up the deter-_ 13a, Pee 
minant into a series of terms, every one of which would have ZF y, 
SS ks oe gn Bs < eng oh 
been the determinant (a,3.y;) multiplied by one of the elements —_, ee 


* of (a,b,¢;). 


18. On account of the importance of this theorem, we give 
another proof, founded on our first definition of a determinant. 

The determinant which we examined in the last Article is 
the result of elimination between the equations 


(aia “- 6,3; +¢e:y1) w+ (aya2 + b, 3. i Cry2)¥ i (aya, + bis - C1y3) c= 0, 
(aa, 4 b.(31+ Cyy 1) @ <5 (a2a2 ae b2[32 + Cxy2)Y + (@2a3 ++ b.[33 + Crys) Fah 0, 
(asa, - 633, + C31) w+ (Aza. ote bs. a Cxy2) ¥ i (a3a3 4: b3(35 a" Cys) c= 0. 


Now if we write 
ae + ayt asz = X, 
Bie+ Poryt Bsz = Y, 
yi® t+ YoY + Y3% = Ly 


the three preceding equations may be written 


a,X ns by aes C,Z = 0, 
a,x. ata Balect A — 0, 
a,X. ote bY + Ww a 0, 


from which eliminating X, Y, Z, we see at once that (a,b,c) 
must be a factor in the result. But also a system of values of 
x, y, z can be found to satisfy the three given equations, provided 
» that a system can be found to satisfy simultaneously the equa- 
tions X=0, Y=0, Z=0. Hence (a,3.y3) = 0, which is the 
condition that the latter should be possible, is also a factor in the 
result. And since we can see without difficulty that the degree 
of the result in the coefficients is exactly the same as that of the 
product of these quantities, the result is (aib.¢3) (ais). 

It appears from the present Article that the theorem con- 
cerning the multiplication of determinants can be expressed in 
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the following form, in which we shall frequently employ it :— 
If a system of equations 

aX4+6,Y+oZ=0, aX+b,Y+¢Z=0, a,X+6,Y+e,Z=0 
be transformed by the substitutions 
X=att+aytaz, Y= Birt Poyt Bz, Z=ytt+ yoy + 2% 
then the determinant of the transformed system will be equal to 


(a,b,¢;) the determinant of the original system, multiplied by 
(a;B273), Which we shall call the modulus of transformation. 


19. The theorems of the last Articles may be extended as 

follows:—We might have two sets of constituents, the number 
of rows being different from the number of columns; for 
example— 
A DO, Cy | ay Bas 72 
A25 Bo, V2 
and from these we could form, in the same manner as in the last 
Articles, the determinant 


























Qs bz, C2 


aya; + GH + iY 19 a2a, + b.(31 + Cxy1 
Ay A2 + Ge + CyY25 Aga, + b.[3. +r C2V2 
whose value we purpose to investigate. 

Now, first, let the number of columns be greater than the 
number of rows, as in the example just written; so that each 
constituent of the new determinant is the sum of a number of | 
terms greater than the number of rows: then proceeding as in 
Art. 17, the value of the determinant is 


QiQ15 b.[31 
Qj A2y b.B. 


= (a,b) (ai(32) cn (aC) (arvy2) oF (0102) (r72)- That is to Says the 
new determinant is the sum of the product of every possible deter- 
minant which can be formed out of the one set of constituents by the 


corresponding determinant formed out of the other set of consti- 
tuents. bs 








Q\Qj, A2dy 


+ &e. 














Q1A25 Aga 


20. But in the second place, let the number of rows exceed 
the number of columns. Thus, from the two sets of consti- 
tuents 
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Ay by, Qi) By 
Ar, b, Q29 Ba. 
As bs 35 Bs 


let us form the determinant 


Q\a; + 6,01, 2a, + 6.315 3a, + 6:01 
Aya, + 6,32, Aga, + b, 325 Asa + 6,3, 
a3 + 6,33, Azd3 + b.(335 Asa; + b(33 


Then when we proceed to break this up into partial determinants 
in the manner already explained, it will be found impossible to 
form any partial determinant which shall not have two columns 
the same. The determinant therefore will vanish identically. 


21. A useful particular case of Art. 17 is, that the square of 
a determinant is a symmetrical determinant (see Art. 10). Thus 
the square of (a,0,c;) 1s 


Ge + O27. +67, a0, + 6,0. + eC, © a,a3 + 0,05 + C1C, 
G0, + 0,6, + CiCx, Aa? + 0. +657, os + b2b3 + C2€3 
ida + 0,05 + CiCo, ° AeA + Deb, + Cols, Gs? + 03? + 6? 


Again, it appears by Art. 19 that the sum of the squares of the 
determinants (a,b,)? + (0,¢,)? + (€,a2)? is the determinant 


: a? +5 +c), aa, + bib, + cre, 
Mai Ube Ci. dy + On" ey 


Ex. 1. Given » quantities a, B, y, &c., to find the value of 
TAF AIG Toikeec. | 


at, Br, yr, on1, &e. 
It is evident (Art. 13) that this determinant would vanish if a = 6, therefore a — 6 
is afactor init. In like manner so is every other difference between any two of the 
quantities a, 8, &c. The determinant is therefore 


= + (a— 8) (a—y) (4-9) B-y) (B- 4) (y — 8) &e, = 0. 
For the determinant is either equal to this product, or to the product multiplied by 
some factor. But there can be no factor containing a, B, &c., since the product con- 
tains a1, B-1, &c.; and the determinant can contain no higher power of a, 3, &c., 
and by comparing the coefficients of a*1it will be seen that the determinant con- 
tains no numerical factor. 
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Ex. 2, In the theory of equations it is important to express the product of the 
squares of the differences of the roots, and the last example enables us to do this as 
a determinant. For if we form the square of the determinant discussed in the last 
Article, we obtain 


80, Si, 82 Sn_1 
: $1, 82, 83 Sp 
' 


66 O-) is ee Oe le @ 6 6 @: 6 6 oF @ 


Sn-ly Sny Snil + © §2n-2 
where 8, denotes the sum of the p* powers of the quantities a, 8, &c. 


Ex. 3. In like manner it is proved by Art. 19 that the determinant 





80, §1 a x. 2 
| m8 | = (a —B) 
So, $1, 82 
S1, Sa, 83 | = = (a — 6)? (B= y)? (y a a)?. 
82, $3) S4 








We thus form a series of determinants, the last of which is the product of the 
squares of the differences of a, 8, &c.; all similar determinants beyond this vanish- 
ing identically by Art. 20. This series of determinants is of great importance in the 
theory of algebraic equations. 


LESSON III. 
MINOR AND RECIPROCAL DETERMINANTS. 


22. Ir in any determinant we erase any number of rows and 
the same number of columns, the determinant formed with the 
remaining rows and columns is called a minor of the given de- 
terminant. ‘The minors formed by erasing one row and one co- 
lumn may be called first minors; those formed by erasing two 
rows and columns, second minors; and so on. . 

We have in the last Lesson employed the principle, that if 
a,b,c, &c., be the constituents of any one row of a determinant, 
then the determinant is of the form a,A, + 6,B,+ ¢,C, + &e., 
where 4), B,, C,, &c., do not contain a,, b,, ¢,, &c. We wish 
now to go into a little detail as to the value of these quantities 
A,, B,, &. And we say that A, is the minor obtained _by 
erasing the line and column which contain a,, For every ele- 


ett he A “oe 
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ment of the original determinant which contains a, can contain 
no other constituent from the column a or the line (1), and a, 
must be multiplied by all possible combinations of products of 
n — 1 constituents, taken one from each of the other rows and 
columns. But the aggregate of these form the minor determi- 
nant just defined. 

In like manner the determinant may be written in the form 
a,A,+a,A,+ a3;A;+ &c., where A, is the minor formed by 
erasing the line and column which contain a,. 

It is evident that A, is the differential coefficient of the ori- 
ginal determinant taken with respect to a. 





23. These minors and the constituents are connected by a 
series of identical relations, viz. : 


b,A, = b,A, — b,A; aL &e. = 0, 
cA, ae GA, ay C3.A 5 ee &e. = 0, &e. 


For since the determinant is equal to a,4, + a,A,+ &c., and since 
A), A>, &., do not contain a, az, &e., therefore b,A,+ 6,4,+ &., 
is what the determinant would become if we were to make in it 
a,=b,, a,=,, &c.; but the determinant would then have two 
columns identical, and would therefore vanish (Art. 13). 


24. We can now briefly write the solution of a system of 
equations— 
ax + by + o2+ &. = &, 
ant + boy + 2 + &. =n, 
ast + by + cz + &e. =f, &e., 


for, multiply the first by A,, the second by A,, &c., and add, and 
the coefficients of y, z, &c., will vanish identically, while the co- 
efficient of # will be a,A, + a,A, + &c., which is the determinant 
formed out of the coefficients on the left-hand side of the equation, 
which we shall call A. Thus we get 


Aw = Ai€ + Aon + A3J + Ke. 
Ay = BE + By + BS + &e. 
Az= CE + Cyn + C2 + &., &e. 


25. The reciprocal of a given determinant is the determinant 
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whose constituents are the minors corresponding to each consti- 
tuent of the given one. Thus the reciprocal of (a,b,¢,) is 


| lis Dr. 0; 
A;, Bz, C, 
A;, B, C; 


where A,, B,, &c., have the meaning already explained. If we 
call this reciprocal A’, and multiply it by the original determi- 
nant A, by the rule of Art. 17 we get . 


aA,+6,B,+6C, a,A,+6,.B, +¢,0,, a,4, + 6,38, + eC, 
a,A,+6,B,+.¢,C,, dA, +6,B; + 6,Cy,  a@;49 Sey 
a,A,+0,B;+0C;, d,A; + 0,.B, + Cy, G34, + O;Be4 G50, 


But (Art. 23) aA, + 4B +¢,C, = A, a,A,+0,B,+4,C, = 0, &e. 
This determinant, therefore, reduces to 


A, 0, 9, 
0, A, 0, — Ae 
0, 0, A, 


Hence (a,6.c;) (A:B,C;) = (a,b.¢;)° ... (A;.B,C3) = (a,b,c,)?. And 


in general, A’A = A"... A’= A™, 
mage \ ae rise pe aa akee 


26. If we take the second system of equations in Art. 24, 
and solve these back again for &, n, &c., in terms of Az, Ay, &c. 
we get 

A'E = a,Ax+ biAy + c,Az + &e., 
where a, b;,¢; are the minors of the reciprocal determinant. 
But these values for &, n, Z, &c. must be identical with the ex- 
pressions originally given; hence remembering that A’= A", we 
get, by comparison of coefficients, 


a; = A"? a, b, = A™25,, Cy = At &e., 7 
which express, in terms of the original coefficients, the first minors 
ba ee nn eR GL 


of the reciprocal determinant. 


27. We have seen that, considering any one column a of a 
determinant, every element contains as a factor a constituent 
from that column, and therefore the determinant can be written 
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in the form Xa,A,. In like manner, considering any two co- 
lumns a, 6 of the determinant, it can be written in the form 
= (pbq)Ap,q, Where the sum (dp vba) is intended to express all 
possible determinants which can be formed by taking two rows 
of the given two columns. 

For every element of the determinant contains as factors, a 
constituent from the column a, and another from the column 6; 
and any term a,b,c,d, &c., must, by the rule of signs, be accom- 
panied by another, - a,b,c,d, &c. Hence we see that the form 
of the determinant is =(a,b,) Ap,q3 and by the same reasoning as 
in Art. 22 we see that the multiplier A,,, is the minor formed by 
omitting the two rows and columns in which a,, 0, occur. 

In like manner, considering any p columns of the determi- 
nant, it can be expressed as the sum of all possible determinants 
that can be formed by taking any 7 rows of the selected columns, 
and multiplying the minor formed with them, by the complemental 
minor; that is to say, the minor formed by erasing these rows 


and columns. For example, 


(a, 2C31€5) 
= (a,b) (€,dse5) — (A153) (€2ds€5) + (@id,) (€2d3e5) — (aids) (Csse2) 
+ (@2b3) (€,dse5) — (Aebs) (€1ds€5) + (2b5) (C1d3e4) + (a3b4) (C1d2€5) 
— (a3b5) (€,d2€,) + (ass) (€1d2€3). 


The sign of each term in the above is determined without diffi- 
culty by the rule of signs (Art. 8). 


28. The theorem of Art. 26 may be extended as follows :— 
Any minor of the_order p which can be formed out of the inverse 
constituents A,, B,, §c., is equal to the complementary of the cor- 
responding minor of the original determinant, multiplied by the 
(p —1)* power of that determinant. 

_ For example, in the case where the original determinant is of 
the fifth order, 
(A,B,) = A(esdies), (A1B2C;) = A*(dies), &e. 
The method in which this is proved in general will be sufficiently 
understood from the proof of the first Example. We have 
Av = A,E+ An + A: + Aw + A;v, 
Ay = BE + Bay + BS + Bw + Biv. 


D 


Loo 
Laer 


| 
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Therefore 
AB, x - AAy =(A,B,)E + (A; By) + (A,B;)w + (A;B.)v. 
But we can get another expression for x in terms of the same 


five quantities, y, €, 2, w, v. For, consider the original equa- 
tions, 


ll 


aya + by + ce + dw + et, 
Ast + Oey + C3% + Asw + Cstly 
= au + by + 2 + dyw + eg, 
= a; + by + c:% + dsw + et, 


ec € Nom 
i 


and eliminate z, w, w, when we get 
(a,c,d,e;) x . (d,¢3d4e5) ¥ = (c3dsé5) E = (c.d5€1)o or (c;d,e3)w aa (e:dse4)u5 
and since (a,¢;d,e;) is by definition = B., comparing these equa- 


tions with those got already, we find (oy Bz) = A(esdses), Ke. 
Q. E. D. 


LESSON IV. 


DEGREE OF ELIMINANTS. 
Lenn ne 


29. ee result of eliminating 2 a variables between m homo-_ between 2 homo- 


geneous” equations of any ieee is called the eliminant of these — 


equations. We commence with the theory of the equations be- 
tween two variables— 
| b= ar™ + aa™ ly + aay? + &e. = 
W = bot" + bay + bx™*y? + &e. = 


The degree of the eliminant in the coefficients is most easily ob- 
tained by the method of elimination by symmetric functions, an 
explanation of which we give here for completeness, although it 





* We use homogencous equations for symmetry, but it is evident that by di- 
viding each equation by the highest power of any one variable, » homogeneous 
equations between variables can be reduced to m non-homogeneous equations be- 
tween ” — 1 variables. 
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may be found in most books on Algebra. If we divide the 
equations just written by a.y™, by" respectively, and write 


we reduce them to non-homogeneous functions of a single 
variable— 

e™ + pim + gim? + &e. = 0, 

+ pt + dt"? + &. = 0. 
We discuss them first in the latter form, because it is that with 
which the learner is most likely to be familiar. Let the roots of 
the first equation solved for ¢ be a, 3, y, &c.; and those of the 
second a’, 3’, y', &e. 


should havea common root. If this be the case, when we solve 
the first equation for ¢, and substitute the roots found, a, 6, y, &e., 
in the second equation, some one of the results ¥(a), (3), &e., 
must vanish, and therefore the product of all must be sure to 
vanish. But this product is a symmetric function of the roots of 
the first equation, and therefore can be expressed in terms of its 
coefficients, in which state it is the eliminant required. The rule, 
then, for elimination by this method, is to take the m factors, 

Ya) = a" + pa”! + da”? + &e. 

14) = B+ pB™ + gBr*+ Ge. 

Wy) = 7" + py? + Py"? + &., &e., 
to multiply all together, and then substitute for the symmetric 
functions (aBy)", &c., their values in terms of the‘coefficients of 
the first equation. 

Ex. To eliminate ¢ between 2+ pt+q=0, @+p't+q7=0. 
Multiplying (a?+ p'a+ q') (6? +p'B + 7’) we get 
w3% + p'aB(a + B) + p?aB + /(a* +B) + pga + B) +9", 

and then substituting a+@6=—yp, aB=q, we get 

q° — ppg + pq + (2? — 29) — vp + 9? =0, 
or (q-9P + (w—P') (od - 9’) = 0. 

31. We obtain in this way the same result (or at least results 

differing only in sign), whether we substitute the roots of the 
first equation in the second, or those of the second in the first. 
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In other words, the eliminant may -be written at pleasure in 
either of the forms— 


(a) o(8') o(7’) &e., or (a) ¥(B) Wy) ke. 


For, remembering that 


¢(t) = (t- a) @- B) (- y) &e,, 
the first form is 
(a! ~ a) (a’ = 8) (a’- 7) &e. (8 - a) (B' - B) (B'= y) &e.; 


and the second is 


(a -a@) (2-8) (a- 7’) &e. (6 - a’) (B - P) (B - y) &e. 
In either case we get the product of all possible differences be- 
tween a root of the first and one of the second equation; and the 
_ two products can at most differ in sign. 


32. If the equations had been given in the form originally 
written, av” + avy + &e., box" + bay + &., the eliminant 
could be obtained from the result of Art. 30, by writing for 
Ps 9 P's 7, &e., their values, i "a a Oy &e. We should then, 

Ay A by db 
for symmetry, clear of fractions, by multiplying by the highest 
power of a) or b) in any denominator, Thus the eliminant of 
Au? + acy + ay”, boa? + bay + by, obtained in this manner from 
the result in the Example, Art. 30, is 
(ab, — a2bo)? + (aby - acb,) (a,b, —a,b,) = 0. 

Lhe eliminant is always a homogeneous function of the coefficients 
of either equation. For before we cleared of fractions it was evi- 
dently a homogeneous function of the degree 0, and it of course 


remains homogeneous when every term is multiplied by the same 
quantity.* 


* As in what follows we almost always use homogeneous equations, both for the 
sake of symmetry, and in order to preserve analogy with equations between any 
number of variables, it may be well to show how we might avail ourselves of the 
known properties of algebraic equations, without the necessity of transforming in 
each case to the form t+ pim-1 + &e. 

If the equation in the latter form is satisfied by any root ¢=a, then the equation. 
in the form aa” + &e. is satisfied by any system of values 2’, y', provided only that 
we have @’= ay’, since it is manifest that we are only concerned with the ratio a’: y. 
Again, since we know that the equation in the form ¢” + &c. is resolvable into the 
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33. The eliminant of two equations of the m'* and n degrees 
respectively ts of the n'* degree in the coefficients of the first, and 
of the m in the coefficients of the second. 

For it may be written either as the product of m factors, 
¥(a) Y(3) oy) &e., each containing the coefficients of the se- 
cond equation in the first degree, or else, as the product of n 


factors, p(a’) (3) ¢(7’) &c., each containing in the first degree 
the coefficients of the first equation. 


34. If each ofthe roots a, (3, a’, 9’, &c., be multiplied by the 
same factor p, then, since each of the mn differences a—a’' (see 
Art. 31) is multiplied by this factor p, the eliminant will be 
multiplied by p™. But the roots of any equation 


Agt™ + aya” + aw™? + &.=0 
are all multiplied by p if we multiply a; by p, a, by p*, a3 by p’, 
&c. It follows, then, that if in the eliminant we substitute 
ap, bp for a;, 6; a2p*, bp? for az, b,, &c., then the effect will be 
that the eliminant will be multiplied by p™"; or, in other words, 


CueE VLG EV eee ; 
product of factors (¢—a) (¢— 8) (t—y) &e., or (= ale = (= =i | &e., 
so we see that the equation aja” + &c. (which is the same equation cleared of frac- 
tions) is resolvable into the product of the factors (yz — a#’y) (y"@ —2w"y) (y'"a - xy) 
&e. Again, as by comparing the actual product (¢— a) (¢- 6) &c., with 
im + ptm14+ &c., we obtain expressions for the coefficients py, g, &c., in terms of the 
roots a, 8, &c., so, in like manner, by actually multiplying (yx — z'y) (y"x%— xy) 
&c., and comparing the product with ax” + &c., we get expressions for a, a &c., in 
terms of a’, y', &e. Thus we get a=a2"2"”" &e.. a=— dy'x"x'"s'" &., where in 
each term one y is multiplied by all the rest of the a’s; ag= Dyy"x""u"" &e.: 


owt 


Om=t yyy” el. dma =F dz'y'y'"’y"” &e. In like manner, any expression for a sym- 


metric function of the roots of ¢~+ &c. in terms of its coefficients can be translated | 


into an expression for a symmetric function of zx’,y’, &c., in terms of ao, a1, &e., by 
substituting 7 for a, &c., and clearing of fractions. We might then have applied 


directly the method of elimination explained (Art. 30) to equations in the form 
agu™ + &e., boar + &c. For having found the m systems of values w',y’; 2”, y”; &e., 
which satisfy the first equation, and having substituted them in the second equation, 
we should multiply together the m results (doa’" + &c.) (dov’" + &e.), &c.; and then, 
substituting ao” for (#'x"’x'” &c.)", &e., reduce the product to a function of co- 
efficients only. We have preferred the process in the text, although less elegant 
and symmetrical, because the learner is supposed to be already familiar with the 
formation of symmetric functions of the roots of ordinary algebraic equations, and it 
would seem to throw an unnecessary difficulty in his way, if we were to use the 


© equations in a form in which his previous knowledge would be less available. 
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every term of the eliminant will be multiplied by p™. But now 
it is evident that the effect of this substitution is to multiply any 
term in the eliminant by a power of p equal to the sum of all the 
suffixes in that term. Thus, for example, take the term a,a,b; 
in the Example, Art. 32, and if we substitute a,p, ap", bp, for 
1, 2, b,, the term will evidently be multiplied by p*. We con- 


clude, then, that in the eliminant of 


aye” + ax™ y+ &e. boa” + bay + &e., 


the sum of the suffixes in every term ts constant, and = mn. 
This result may be otherwise stated thus :—Jf a,, b, contain 


any new variable z in the first degree; if a2, b, contain it ¢ 


second and lower degrees; a3, b, in the third, &c. ; then the eli- 
minant will contain this variable in th th * 


It is obvious, from symmetry, that these results would have 
been equally true if the equations had been written in the form 
Ant” + Anix™ ly + &e., the suffix of any coefficient corresponding 
to the power of x, which it multiplies, instead of to the power of y. 


: 


35. Given two homogeneous equations between three variables, 


Let the two equations, arranged according to powers of z, be 7 
ax™ + (by + cz)a™ + (dy® + eyz +f2)am? + &. = 0, 2 
aa” + (Dy + &z) a + (dy? + eyz+f2*)a? + &. = 0. 
If now we eliminate 2 between these equations, since the co- 
efficient of z” is a homogeneous function of y and z of the first : 
degree, that of a? is a similar function of the second degree, and | 
so on,—it follows from the last Article that the eliminant will 
be a homogeneous function of y and 2 of the mn" degree. It - 


the term «*y®, which it multiplies in the original equation, every term of the elimi- 
nant will be divisible by am ym, 

+ These equations may be considered as representing two curves of the m*” and 
nh degrees respectively; the geometrical interpretation of the proposition of this 
Article being, that two such curves intersect in mn points. The equations are re- 
duced to ordinary Cartesian equations by making ¢= 1. 


d 
* Or again, otherwise thus: if in the eliminant we substitute for each. coefficient | 
; 
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follows then that mn values of y and 2* can be found which will 
make the eliminant = 0. If we substitute any one of these in the 
given equations, they will now have a common root when solved 
for a (since their eliminant vanishes); and this value of x, com- 
bined with the values of y and z already found, gives one system 
of values satisfying the given equations. So we plainly have in 
all mn such systems of values. We shall, in the next Lesson, 
give a method by which, when two equations have a common 
root, that common root can immediately be found. 

Ex. To find the co-ordinates of the four points of intersection of the two conics, 
an + by? + e224 Wdyz+ 2ezu+ ay=0, au? + d'y2+ o'z2+ BWd’ys + e's + 2f'xy =0. 
Arrange the equations according to the powers of z, and eliminate that variable ; 

then by Art. 32 the result is 
{(ad")y2+ 2(ad’)yz + (ae’)22}2 

+ 4L (af )y + (ae’)2] [(oP) y+ {Ge) +2) hyrs+ {(of") + 2(de) y+ (ce) 23] =0, 
where, asin Lesson I., we have written (ad’) for ab’—a@’b. This equation, solved for 
y:%, determines the values corresponding to the four points of intersection. Having 
found these, by substituting any one of them in both equations, and finding their 
common root, we obtain the corresponding value of r:z. We might have at once 
got the four values of x: z by eliminating y between the equations, but substitution 
in the equations is necessary in order to find which value of y corresponds to each 
value of x, By making z=1, what has been said is translated into the language of 
ordinary Cartesian co-ordinates. 


36. Any symmetric functions of the mn values which simul- 
taneously satisfy the two equations can be expressed in terms of 
the coefficients of those equations. 

In order to be more easily understood, we first consider non- 
homogeneous equations in two variables. Then it is plain enough 
that we can so express symmetric functions involving either va- 
riable alone: For eliminating y, we have an equation in 2, in 
terms of whose coefficients can be expressed all symmetric func- 
tions of the mn values of x which satisfy both equations. Simi- 
larly for y. Thus, for example, in the case of two conics; a, y, &e., 
being the co-ordinates of their points of intersection, we see at 
once how to express such symmetric functions as 

+e, +2, +2 L+tP ty Ft Py Krys 


wi“? 





* The reader will remember that when we use homogeneous equations, the ratio 
of the variables is all with which we are concerned. Thus here, z’ may be taken ar- 
bitrarily, the corresponding value of y being determined by the equation in y : z, 


- 


! 


| 


F 
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and the only thing requiring explanation is how to express sym- 
metric functions into which both variables enter, such as 


zy, + v by 9 “i iY 7m Gi uut 


To do this, we introduce a new variable, ¢ = Ax + py, and by the 
help ‘of this assumed equation eliminate both 2 and y from the 
given equations. ‘Thus y is immediately eliminated by substi- 
tuting in both its value derived from ¢ = Ax + py, and then we 
have two equations of the m” and n degrees in x, the eliminant 
of which will be of the mn degree in ¢, and its roots will be ob- 
viously Av, + py, AL, + py,, &e., where xy, x,y, are the values 
of x and y common to the two equations. ‘The coefficients of 
this equation in ¢ will of course involve X and uw. We next form 
the sum of the k” powers of the roots of this equation in ¢, which 
must plainly be = (Aa+ uy)*+ (Ax, + py,,)* + &e. The coefficient, 
then, of \‘ in this sum will be Sx‘: the coefficient of A“ gives 
us Say, and so on. 

Little need be said in order to translate the above into the 
language of homogeneous equations. We see at once how to 
form symmetric functions involving two variables only, such as 
=yz,Z,Z,,. for these are found, as explained, Note, p. 21, from 
the homogeneous equation obtained on eliminating the remaining 
variable; the only thing requiring explanation is how to form 
symmetric functions involving all three variables, and this is 
done precisely as above, by substituting ¢ = Aw + py. 


Ex. To form the symmetric functions of the co-ordinates of the four points com-' 
mon to two conics. The equation in the last Example gives at once 


YYuVuu Yun sR (ac’)2 ee 4(ae’) (ce’) ; z, TT hs (ab’)2 i 4(af’) (of’); 
and from symmetry, L,2,,Xy4,U 4, = (be)2 + 4(bd’) (cd’), 
—E(YiYuYousFau) = 4{ (ae) (ad!) + (af") (ce) + (ae’) (of") + 2(ae’) (de’)} Ke. 
To take an Example of a function involving three variables, let us form 
=z Ye ue sah 22 ,,,)¢ 
By the preceding theory we are to eliminate between the given equations, and © 


t=)rx+py; and the required function will be half the coefficient of oe in 
= (#2 22,,22,,22,,,). Ifthe result of elimination be 


At + (Br + Cy) 2+ (Dd? + Edp + Fy?) 2224 &e. 
3 (222,2,,2%,,,) = (BX + Cu)? - 24(DN2 + Bayt Fu), 
and = (x, y,22,,22,,,24,,,) = BO— AE, 
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By actual elimination 
A= (ab) + 4(af’) (Of), B= 4{(ba’) (be) + (64) (af?) + (Of) (a4) + 202F) (ef) 3 
C= 4{(ab') (ad’) + (ae) (bf) + (of) (be').+ 24) FI}, 
B= 4{ (ae) (of’) + (be) (af) — 2(a4’) (fa) — 206e) (fe) + 4a’) (Fe) }. 

37. To form the eliminant of three homogeneous equations in 
three variables, of the m'*, n'’, and p"* degrees respectively. 

The vanishing of the eliminant is the condition that a system 
of values of x, y,z can be found to satisfy all three equations.* 


When this, then, is the case, if we solve for any two of the 


equations, and substitute successively in the remaining one the 
values so found for z, y, z, some one of these sets of values must 
satisfy that equation, and therefore the product of all the results of 
substitution must vanish. Let, then, 2’, y',2’; 2’, y’, 2”, &e., be the 
system of values which satisfy the last two equations, and which 
(Art. 35) are np in number, we substitute these values in the first, 
and multiply together the np results ¢(a’, y’, 2’), 6(2", y", 2”), &e. 
The product will plainly involve only symmetric functions of 
z, 4, 2, &c., which (Art. 36) can all be expressed in terms of the 
coefficients of the last two equations; and, when they are so ex- 
pressed, it is the eliminant required. 


38. The eliminant is a homogeneous function of the np" de- 
gree in the coefficients of the first equation ; of the mp" in those of 
the second ; and of the mn" in those of the third. 

For each of the np factors ¢(w’,y’, 2’) isa homogeneous function 
of the first degree in the coefficients of the first equation; and 
the expression of the symmetric functions in terms of the co- 
efficients only involves coefficients of the last two equations, 
from solving which 2’, y’, 2’, &c. were obtained. The eliminant is 
therefore of the np degree in the coefficients of the first equa- 
tion; and in like manner its degree in the coefficients of the 
others may be inferred. 


39. Ifall the coefficients in the equations which multiply the 
Jirst power of one of the variables, z, be affected with a suffix 1, 
those which multiply z* with a suffix 2, and so on; the sum of all 


* If the three equations represent curves, the vanishing of the climinant is the 
condition that all three curves should pass through a common point. 
E 
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the suffixes in each term of the eliminant will be equal to mnp. In 
other words: [fall the coefficients which multiply z contain a new 
variable in the first degree ;—if those which multiply z* contain tt 
in the second and lower degrees, and so on; then the eliminant will 
contain this variable in the degree mnp. 

This is proved as in Art. 34. In the first place, it is evident 
that if a homogeneous equation of the n degree be satisfied by 
values a’, y’, 2’; andif the equation be altered by multiplying each 
coeflicient by a power of p, equal to the power of z, which the 
coefficient multiplies, then the equation so transformed will be 
satisfied by the values p2’, py, 2’; or, in general, that the result 
of substituting p2’, py’, 2’ in the transformed equation is p” times 
the result of substituting 2’, y’, z’ in the untransformed. Thus, 
take the equation 2°+ y°- 2- z*a- zy’, the transformed is 
x + y — p23 — p®2*a — pzy*; and obviously the result of substi- 
tuting pz’, py’, 2 in the second is p? times the result of substi- 
tuting 2’, y’, z’ in the given equation. If, then, the three given 
equations be all transformed by multiplying each coefficient by a 
power of p equal to the power of z, which the coefficient multiplies, 
then it follows, that if 2’, y’, 2’ be one of the system of values 
which satisfy the two last of the original equations, then the trans- 
formed equations will be satisfied by (pz, py’, 2’), and the result 
of substituting these values in the first will be p™9(#, 7,2). The 
eliminant, then, which is the product of mp factors of the form 
p(2’,y',2’) will be multiplied by p™”. If then any term in the eli- 
minant be ajbicm &c., where the suffix corresponds to the power 
of z, which the coefficient multiplies, since the alteration of a, 
into p*a;,, b; into p'b, &c., multiplies the term by p™”?, we must 
have k+l+ &.=mnp.. Q. E. D. 


40. It is proved in like manner that three equations are in 
general satisfied by mnp common values; that any symmetric 
function of these values can be expressed in terms of their co- 
efficients ; and that we can form the eliminant of four equations 
by solving from any three of them, substituting successively in 
the fourth each of the systems of values so found, forming the - 
product of the results of substitution, and then, by the method 
of symmetric functions, expressing the product in terms of the 
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coefficients of the equations. And so, in like manner, we can 
form the eliminant of any number of equations which will be a 


_ homogeneous function of the coefficients of each equation of a de- 


gree equal to the product of the degrees of all the remaining equa- 
tions ; and if each coefficient in all the equations be affected with 
a suffix equal to the power of any one variable x which it multiplies, 
then the sum of the suffixes in every term of the eliminant will be 
equal to the product of the degrees of all the equations. 


LESSON V. 


DETERMINATION OF COMMON ROOTS. 


41. Wuen the eliminant of any number of equations va- 
nishes, those equations can be satisfied by a common system of 
values, and we purpose in this Lesson to show how that system 
of values can be found without actually solving the equations. 
Let the equations be 


@=0, P=0, x=0, &c. where ¢ = ax™ + ba™ y + cx™ 1z + Ke. 


The equations are supposed to be all satisfied by the same system 
of values 2’, 7’, 2, and thew eliminant # is accordingly supposed 
to vanish. Now we may alter the coefficients in ¢ (a into a + da, 
binto 6+ 8b &.); and the transformed equation 


az™ + ba™y + cx™*2z + &e. + (da)a” + (db)a™ y + (Sc)a™1z + Ke. = 0 


will obviously still be satisfied by the values 2’, y’, 2’, provided only 
that the variations da, 6b, &c. are connected by the single 


relation 
(da) a'™ + (dd)a'™y' + (dc)a™ 2 + &e. = 0, 


since the first part, by hypothesis, is satisfied by 2’,y', 2. ‘This 
transformed equation then has a system of values common with 
the equations y, y, &c., and therefore the eliminant between it 
and them also vanishes. But this eliminant is obtained from the 
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eliminant & by altering in it a, b, &., into a+ da, b+ 8d, &., 
when the eliminant so transformed will be 

dR 
db 
R=0 by hypothesis, and since the variations of the coefficients 
may be supposed as small as we please, the terms containing the © 
first powers of the variations must vanish separately. We have 
then 


hy al 5 Sha oa aes + &. = 0. 
da de 


dR dR 
qq tt Gy + ke = 0. 


This relation must be identical with that which we know already 


to be the only one which it is necessary the variations should 
“ : R dk 
satisfy ; and therefore the several coefficients Tee &e., must 
be respectively proportional to 2”, a'™1y/, &.: we have then 
dR dk 
das dab 
by taking, instead of a and 6, the coefficients of any two terms 
which are in the ratio x: y; or again, by parity of reasoning, 


ees a a5 , where a’, 0’ are the coefficients of 2", any in 


, 


ea eis An equivalent expression could be obtained 


one of the other equations. 
42. We shall confirm this result by an actual examination of 
R me 
the values a &e. Let the results of substituting the common 


roots of ~, y, &c., in the first equation ¢ be ¢’, ¢”, &c., then it 
will be remembered that &= ¢'¢’9¢” &c., or 
R= (ax + bam y' + &.) (av"™ + ba'™ y" + &.) &e., 

therefore 
dk UY tll ‘ti “/ 4 it 
pe am (pp &e.) + 2™(g'p” &e.) + 2”"™(p'" &e.) + &e., 
and if a'y'e’ satisfies ¢, we have ¢’=0, and a reduces to 

, Me 5 LEP. bd dk / / Mt 
a” &e. In like manner pte y ¢ ~” &c., and so on, the 
several results being proportional to the terms which a, 6, &c. 
multiply. 
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43. In like manner, if a, 6, &c., instead of being the co- 
efficients themselves, were any quantities of which the coefficients 
of @ were functions, but which do not enter into the equations 
~, x, &e., it is proved by the method of either of the last Ar- 
dp , dp dk dk 
da oe a ab 

dp 


have immediately © ati “¢ &c., and similarly for the rest. 


ticles that For, as in the last Article, we 


Or again, by the ane my Art. 41, if a, 6, c, &c., be varied so 
that the same system of roots continues to satisfy ¢, we have 


Edis of 8 + 304 &e = 0, 
da 


while, because in this case the eliminant of the transformed ¢ and 
of the other equations continues to vanish, we have 


dk dR aR 
Tq 82 * ap 08 + Gp SC + Ke. = 0, 


and these two equations must be identical. 


44. If the given ‘equations are satisfied by two common sys- 
tems of values, that is to say, supposing we have not only ¢'=0, 
but also ¢”=0; then it appears at once, from Art. 42, that every 

wale } : : 
one of the differentials a &e. vanishes. MReciprocally, having 
found the condition R=0, that a system of equations should 
have one common system of values, if we desire to find the con- 
ditions that they shall have two, we have only to equate to 0 
the differentials of &, with regard to every one of the co- 
efficients.* 

To find the actual values of the common roots, we have 
ak 7 4 nt 1, i i wn 
ar ama'™ (ad &e.) + aa ™( pp" &e.) + 2'ma™ (pmg'” &e.) 
which the supposition ¢'= 0, ¢” = 0, reduces to a™v""g"o"" Ke. 


* Tt constantly occurs in practice that a system of two conditions cannot be 
more simply expressed than by a system of several equations equivalent to two in- 
dependent equations. 
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In like manner, 


’?R ; PR 
, 4/ 1 /m- Ht , tet U 7 oy Wt uit 
aaah ee OOS afd OE 1, On macs ae Tey ae "oo 


If, then, we solve the quadratic equation in A: p, 


CR | Pk Ch 
da?" dad *™ abe 
the two roots will give the ratio of the terms which a and } mul- 
tiply,-y1Z...07 20" y, and: a7: a4, 

If the equations had three common systems of values, all the 
second differentials of A vanish, and the common roots are found 
by proceeding to the third differential coefficients, and solving a 
cubic equation. 


r* = 0, 


45. The method of Art. 41 may be applied to the differentials 
of the eliminant with regard to quantities a, b, c, &c., which en- 
ter into all the equations. As before, we give these quantities 
variations consistent with the supposition that the eliminant still 
vanishes, and therefore such that 


dk dR dk 
ig 2 + ap Ot Te 06 + &e: = 0. 


Now, in the former case, where a, b, c, &c., only entered into 
one of the equations, a change in these quantities produced no 
change in the value of the common roots, since the coefficients 
remained constant in the other equations, whose system of com- 
mon roots was therefore fixed and determinate. But this will 
now be no longer the case, and the common roots of the trans- 
formed equations may be different from the common roots of 
the original system. Let the new system of common roots be 
“+ du, y+ dy, 2+ 62, &., then the variations are connected by 
the relations— 


oo 3a + oP sD + Go. + of 30 + vt 30 + de, = 0, 
sige * 9b + ko. +: om bu + & = dy + TE Be + he. =0, 


os dx dx , aX _ 
oa ry se x 8b + &e. + da +a, 0 * a, 
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Now, since we are using homogeneous equations, in which the 
ratio of the roots is all that we are concerned with, we may sup- 
pose one of the variables z to be the same for all the equations, 
and therefore may take 6z=0. From the remaining n equations 
we can eliminate the m — 1 variations, dx, dy, &c., and so arrive 
at a relation between the variations 8a, 6b, &c., only, the co- 


efficients of which must be severally proportional to eh bes &e. 
Thus, in the case of three variables, we have 

dp dp dp dp dg ap 

da’ dx’ dy db’ dx’ dy 

dp dp dp dp dp db 

Wi? a Gy . 0a + ao” De? By . 0b + &. = 0, 

ax 04x, OX dx, ax, ax 

da’ dx’ dy db’ dx’ dy 


the coefficients of da, $b, &c., in which, must be proportional to 
dR a 
Go db? 


LESSON VI. 


EXPRESSION OF ELIMINANTS AS DETERMINANTS. 


46. Tue method of elimination by symmetric functions 1s, in 
a theoretical point of view, perhaps preferable to any other, it 
being universally applicable to equations in any number of va- 
riables: yet as it is not very expeditious in practice, and does not 
yield its results in the most convenient form, we shall in this 
Lesson give an account of some other methods; and, in particular, 
show that the eliminant of two equations can always be expressed 
as a determinant. 

The eliminant of two equations of them” and n’ degrees re- 
spectively is obtained by_Euler as follows :—Ifthe two equations 
have a common factor, then we must obtain identical results 
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whether we multiply the first equation by the remaining n - 1 
factors of the second, or the second by the remaining m — 1 fac- 
tors of the first. Ifthen we multiply the first by an arbitrary 
function of the m - 1% degree, which, of course, introduces 7 ar- 
bitrary constants; if we multiply the second by an arbitrary 
function of the m-—1* degree, introducing thus m constants; 
and if we then equate, term by term, the two equations of the 
(m+n-1)* degree so formed, we shall have m+n equations, 
from which we can eliminate the m+n introduced constants, 
which all enter into those equations only in the first degree; and 
we shall thus obtain, in the form of a determinant, the eliminant 
of the two given equations. 
Ex. To eliminate between ax? + bry+cy2?=0, a’x?+ day+cy2=0. 
We are to equate, term by term, 
(Ax + By) (ax? + bay + ey?) and (A'z + B’y) (a'22 + Vay + cy?). 
The four resulting equations are 
AD ie 5 Mate eis =), 
Ab + Ba~ Ab’ — Ba = 0, 
Ac + Bb — A'd — BY =0, 
Bote ~ Be =0, 
from which eliminating 4, B, A’, B’, the result is the determinant 
a, 0, a, 0 
b, a, Uy a 
o, 0 2,0 
0, ¢, 0, ¢ 


47. This method may be extended to find the conditions that 
| the equations should have two common factors. In this case it 
is evident, in like manner, that we shall obtain the same result 
whether we multiply the first by the remaining n—- 2 factors of 
the second, or the second by the remaining m — 2 factors of the 
first. As before, then, we multiply the first by an arbitrary 
function of the 2 — 2 degree (introducing m — 1 constants), and 
the second by an arbitrary function of the m-2 degree; and 
equating, term by term, the two equations of the m + 2 — 2 de- 
gree so found, we have m + m — 1 equations, from any m + — 2 
of which, eliminating the m + -— 2 introduced constants, we 
obtain m + - 1 conditions, equivalent, of course, to only two 
independent conditions. These conditions are simpler than the 
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<a R : 
conditions a = 0 &. found, Art. 44: for these last contain the 


coefficients of the equations in a degree only one less than the 
eliminant; while it will be found that the conditions obtained by 
the method of this Article are always of a degree two less than 
that of its eliminant. 


Ex. To find the conditions that 
as + bay + cay?+dy2=0, aa3+0ey+ ézy?+ dy=0, 
should have two common factors. Hquating 


(Ax + By) (aa3 + bay + cay? + dy?) = (A'e + B’y) (a'x3 + b'x2y + ex? + dy), 
we have 
TAs eed ire 2 = Oy 
Ab + Ba— A'l’— Ba = 0, 
Ac+ Bb-—A'c - Bb =0, 
Ad+ Be — A'd' — Bie =0, 
BES Site de. == 0, 


from which, eliminating 4, B, 4’, B’, we have the system of determinants (for the 
notation used, see Art. 3), ; 
a, 5, ¢, ad; 0 
0, do -Gind 
a’, B', ¢, a’, 0 
lat ge ge 3 


= 0. 


48. Mr. Sylvester has given a method of elimination, which 
he calls the dialytic_ method, identical in its results with Eulev’s, 
but simpler in its application, and more easily capable of being 
extended. Multiply the equation of the m™ degree by x”, 
ey, z*>y?, &c.; and the second equation by 21, ay, am ?y?, 
&e., and we thus get m+ n equations, from which we can elimi- 
nate linearly the m+n quantities 2", amy, gmrsy?, &e., 
considered as independent unknowns. ‘Thus in the case of two 
quadratics, multiply both by «w and by y, and we get the 
equations— 


ac? + bx?y + cxy? = 0, 
ax’y + bay? + cy® = 0, 
an + Vary + cry? = 0, 


adxy + Vay? + cy> = 0, 


from which, eliminating 2’, x’y, xy, y°, we get the same deter- 
minant as before— 


es 
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a, 6, ¢, 
a, 0,°< | 
a0 He: | 
a’, b, | 
49. The determinants obtained by this method are inferior 
in simplicity to the forms obtained by the method of Art. 30. 
The following method, however, due to Bezout, expresses the 
eliminant also in the form of a determinant, and one which can 
be more rapidly calculated. The general method will, perhaps, 
be better understood if we apply it first to the particular case of 
the two equations of the fourth degree— 


ax' + ba*y + cay? + day® + ey* =0, ax + Davy + ca*y? +d'xy®+ey' =0. 
Multiplying the first by a’, the second by a, and subtracting, 
the first term in each is eliminated, and the result, being divisible 
by y¥, gives 

(ab) a° + (ac) aty + (ad))ay’ + (ae’)y® = 0. 


‘Again, multiply the first by a’a + b'y, and the second by az + by, 


and the two first terms in each are eliminated, and the result, 
being divided by y’, gives 


(ac’)x* + {(ad’) + (bc) }a?y + {(ae’) + (bd')} ay? + (be) y® = 0. 


Next, multiply the first by aa? +bay+cy*?; and the second by 
ax® + bay + cy”; subtract, and divide by y*?; when we get 
(ad’)x? + {(ae’) + (bd’')} xy + {(be') + (cd’)} xy? + (ce’)y? = 0. 
Lastly, multiply the first by a’a*+ Va*y + cxry?+ d’y®; the second 
by aa? + bay + cxy? + dy?; subtract, and divide by y*; when we 
get 
(ae’) x? + (be) xy + (ce’) xy? + (de’)y = 0. 

From the four equations thus formed we can eliminate linearly 
the four quantities, z*, a*y, xy, y°, and obtain for our result the 
determinant 

(ab’), (ac) » (ad’) © » (ae’) | 

(ac’), (ad) + (bc’), (ae’) + (bd’) » (be’) 

(ad), (ae’) + (bd), + (be’) + (ed’), (ce’) 

| (ae), (be’), (ce’), (de’) 
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50. The process here employed is so evidently applicable to 
any two equations, both of the n'* degree, that it is unnecessary 
to make a formal statement of the general proof. On inspection 
of the determinant obtained in the last article, the law of its for- 
mation is apparent, and we can at once write down the determi- 
nant which is the eliminant between two equations of the fifth 
degree by simply continuing the series of terms, writing an (af’) 
after every (ae’), &c. Thus the eliminant is 


(ab’), (ac’) ,(ad’) »(ae’) (af) | 
(ac’), (ad’) + (6c’), (ae’) +(bd’) » (af’) + (be’) ,(of’) 
(ad’), (ae’) + (bd’), (af’) + (be) +(e’), +(bf’)+(ce’) (cf) 
(ae’),(af’)+ (be’), +(bf')+(ce), +(cf’)+(de’), (df) 


(qf),  +(2), +P); +(4f'), (ef) | 


It appears hence that in an eliminant every term must con- 
tain a or a3 as was evident beforehand, since if both of these 
were = 0, the equations would evidently have the common fac- 
tor 7 = 0. 

It appears also that those terms which contain a or a’ only in 
the first degree are (ad’) multiplied by the eliminant of the equa- 
tions got by making a and a’ = 0 in the given equations. For 
every element in the determinant written above must contain a 
constituent from the first row, and also one from the first column; 
but as all the constituents of the first row or column contain a or 
a’, the only terms which contain a and a’ in only the first degree, 
are (ab’) multiplied by the corresponding minor; and this, when 
a and a’ are made = 0, is the next lower eliminant. 


51. It only remains to show that the process here employed 


is applicable when the equations are of different dimensions, and, 


as before, we commence with a particular example, viz., the 
equations 


ax! + bay + cay? + day +ey'=0, ax? +bay+ cy =0. 


Multiply the first by a’, the second by aa’, and subtract, when 
we have 


(ba’)x* + (ca’) ay + (da’)ay + (ea’)y’ = 0. 


bd 
s 
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{n like manner, multiply the first by a’v + b'y, and the second by 
(ax + by) x, and we get 
(ca’) a + {(cb’) + (da’)} ay + {(db’) + (ea’)} ay? + (eb) y® = 0. ~ 

This process can be carried no further ; but if we join to the 
two equations just obtained the two equations got by multiply- 
ing the second of the original equations by x and by y, we have 
four equations from which to eliminate 2, ay, ry’, y?. 

And in general, when the degrees of the equations are un- 
equal, m being the greater, it will be found that the process of 
Art. 49 gives us equations of the (m — 1)* degree, each of 
these equations being of the first order in the coefficients of each 
equation: to which we are to add the m — n equations found by 
multiplying the second equation by 2", 2™”"y, &., and we can 
then eliminate the m quantities 2”, a” ?*y, &c., from the m 
equations we have formed. Every row of the determinant con- 
tains the coefficients of the second equation, but only ” rows 
contain the coefficients of the first. ‘The eliminant is, therefore, 
as it ought to be, of the n’* degree in the coefficients of the first, 
and of the m* in those of the second equation. 


52. Mr. Cayley has given a different statement of Bezout’ 8 


method, explained in the last article. If two equations ¢(2, y), 
(2, y), have a common root, then it must be possible to satisfy 
any equation of the form ¢ + Ay) = 0, independently of any par- 
ticular value of X. Take then the equation 


g(t y) V2, ¥')- 6 Y) Y@y) = 9; 
which, if @ and ~ have a common factor, can be satisfied inde- 


pendently of any particular values of a’ and y’. We may in the 
first place divide it by ay’ — yz’, which is obviously a factor: then 


‘equate to 0 the coefficients of the several powers of 2’, y'; and 


then eliminate the powers of x and y as if they were independent 
variables, when the result comes out in precisely the same form 
as by the method of Art. 50. 


Ex. To eliminate between ax? + bay + cy? =0, a'a2+Vay+ cy=0, 
(ax? + bry + ey?) (ax + Baty’ + ey’) — (a'x? + Bay + cy?) (aa’? + ba'y’ + cy’), 
when divided by xy’ — yx’, gives 
{(ab )a + ae)y}a' + {(ae)a+ Oe)y}y =0; 
and equating to 0 the coefficients of «’ and y’, we get the eliminant 
(ae’)2-+ (ba) (be) = 0. 
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53. We proceed now to the theory of functions of three va- 
riables, the eliminant of which, however, except in particular 
cases, has not been expressed as a determinant, though it can 
always be expressed as the quotient of one determinant divided 
by another. 

We shall show, in the first place, how to form a fanouien of 
great importance in the theory of elimination. Given n equa- 
tions in ” variables, uw = 0, v = 0, w = 0, then the determinant - 


dw dw dw 
| dx? dy’ dz 
is called Jacobi’s determinant, or simply the J acobian of the 


given equations, and will, be denoted in. _ what follows by lows by the | 
letter J. i i 


54. Ifany number of equations are satisfied by a common sys~ 


tem of values, that system will wack Lit 1) =< sealed, and 2 the 






tials of the Jacobian with re regard Poke ach BF Uh art var Baan 


The proof of this for three variables applies in general. For 


du du du 
brevity we write Be ae a = bh, — ance &e.: then, by the the- 


orem of homogeneous functions, we have 
aye + by + Oz = nu 
a,x + bsy + 2 = nw; 


and, solving these equations, we have (Art. 24) Jz = Anu + A,nv 
+ A,nw, from which it appears at once that if wv, v, w vanish, 
J will vanish too. Again, differentiating the equation just 
found, we have 


| A 
yp + neo an (Ay + tert o,A,) \ 
dx dx ax dx \ 
ay > dA, \| 





1A, dA, 
en ee ee pA OpAy Ie 
am LU iy + nv - hy +n (b,A, + b,A, + 6,A;).  \j 


VME 
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But, remembering (Arts. 22, 23,) that a,4; +a,A, + a;A43 = J3 
b,A, + b,A, + 6,4; = 0; we see that the supposition u = 0, v=0, 

; : ‘ dJ. dJ 
w= 0 (in consequence of which J is also = 0) makes Ra 


also to vanish. 


55. We can_now express as a determinant the eliminant of 
three equations, each of the second degree. For their Jacobian is 
of the third degree, and therefore its differentials are of the second. 
We have thus three new equations of the second degree, which 
will be also satisfied by any system of values common to the 


. e e e dJ, 
given equations. From the six equations, then, uw, v, w, 


_d% 
7 af we can eliminate the six quantities 2, y, 2", yz, 2, 1Ys 
and so form the determinant required. 

Again, if the equations are all of the third degree, J is of the 
sixth, and its differentials of the fifth, and if we multiply each of 
the three given equations by 2°, y’, 2”, yz, zz, xy, we obtain 18 equa- 
tions, which, combined with the three differentials of the Jaco- 
bian, enable us to eliminate dialytically the 21 quanities, 2°, xy, 
&e., which enter into an equation of the fifth degree. This 
process, however, cannot, without modification, be extended 
further. 





56.* Mr. Sylvester has shown that the eliminant can always’ 
be expressed a8 a determinant, when the three sqmabians at5 Of 
the same degree. Let us take, for an example, three equations of 
the fourth degree. Multiply each by the six terms (2, zy, y?, 
&e.) of an equation of the second degree [or generally by the 


: ee! Ly terms of an Laie of the (m — 2)r4 degtEc Wethus — 


3n oe 





form 18, 


now of the sixth [2n - 2] degree, consist of 28, [2 (2 ~ 1)] terms; 
n (n+ 1) 


)| equations. But since these equations, being 


we require 10, additional equations to enable us to 


eliminate dialytically all the powers of the variables. These ~ 


* The beginner may omit the rest of this Lesson. 
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equations are formed as follows. ‘The first of the three given 
equations can be written in the form Aa‘ + By + Cz; the second 
and third, in the form A’x*+ By + Cz, A’at + B’y + Cz; and 
the determinant (4 B'C”) which is of the sixth degree in the va- 
riables must obviously be satisfied by any values which satisfy all 
the given equations. We should form two similar determinants 
by decomposing the equations into the form Ay! + Bu + Cz, 
Az'+ Bx + Cy. So again, we might decompose the equations 
into the forms Az? + By? + Cz, A’x? + By? + Cz, A’a + B’y’ 

+ C"z (for every term not divisible by z° or y? must be divisible 
by 2); and then we obtain another determinant (4 B’C”) which 
will be satisfied when the equations vanish together. There are 
six determinants of this form got by interchanging w, y, and z 
in the rule for decomposing the equations. Lastly, decomposing 
into the form Az? + By? + C2? &. we get a single determinant, 
which, added to the nine equations already found, makes the ten 
required. In general, we decompose the equations into the form 
Ax + By? + Cz7, such that a + B + y = + 2, and form the de- %<_ 
terminant AB’C"”; and it can be very easily proved that the hero y) 
number of integer solutions of the equationa+ B+ y=n+ 21s ae Contato 


—— o. 
2 


, exactly the number required. 


57. When the degrees of the equations are different, it is 
not possible to form a determinant in this way, which shall give 
the eliminant clear of extraneous factors. ‘The reason why 
such factors are introduced, and the method by which they are 
to be got rid of, will be understood from the following theory, 
due to Mr. Cayley. Let us take for simplicity three equations, © 
u, v, w, all of the second degree. If we attempt to eliminate 
dialytically by multiplying each by 2, Y, Z, we get nine equa- 
tions, which are not sufficient to eliminate the ten quantities wv’, 
a2y, &c. Again, if we multiply each equation by the six quan- 
tities, 2, zy, y?, &C., we have 18 equations, which are more than : 
sufficient to eliminate the fifteen quantities 2‘, a*y, &e. If we 
take at pleasure any 15 of these equations, and form their deter- 
minant, we shall indeed have the eliminant, but it will be mul- 
tiplied by an extraneous factor; since the determinant is of the 
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fifteenth degree in the coefficients, while the eliminant is only 
of the twelfth (Art. 38, mn + np + pm = 12, whenm =n=p=2). 
The reason of this is, that the 18 equations we have formed are 
not independent, but are connected by three linear relations. In 
fact, 1 we write the identity uv = vu, and then replace the first 
u by its value, ax? + by? + &c., and in like manner, with the v on 
the right-hand side of the equation, we get 





ax’v + by?v + c2z’v + dyzv + &e. = aa?u + by'u + Ke. 


In like manner, from the identities vw = wv, wu = uw, we get two 
other identical relations connecting the quantities zu, y’u, x?v, 
zw, &c. The question then comes to this: * If there be m+p 


Higear equations ia me varied es but these equations connected by 
p linear relations so_as to be e uivalent_only to m independent 


equations, how to express most simply the condition that all 
the equations can be made to vanish together.” In the present 
La 
case m= 15, p= 3. 


58. Let us, for simplicity, take an example with numbers not 
quite so large, for instance, m = 3, p= 1. ‘That is to say, let us 
consider four equations, s, ¢, wu, v, where s= ae + by + cz, 
t= a,x + by + C2, &., these equations not being independent, but 
satisfying the relation, D,s + D,¢+ D,u+ Dw =0. Now I say, 
in the first place, that if we form the determinant (a,b,¢;) of any 
three of these equations, s, ¢, u, this must contain D, as a factor. 
For if D, = 0, we shall have s, ¢, u connected by a linear rela- 
tion, so that any values which satisfied both s and ¢ should satisfy 
w also; and therefore the supposition ), =.0 would cause the ~ 
determinant (a,b,c;) to vanish. And in the second place, I say 
that we get the same result (or, at least, one differing only in 
sion) whether we divide (a,,c,;) by D, or (a,b,c,) by D;. For 
(Art. 14) D,(a,b,c,) is the same as the determinant whose first 
row is a, b,, ¢,, the second, a2, b,, c,, and the third, Dia, D),b,, 
Dye,: but we may substitute for D,a, its value — D,a, — D,a, 
~ D,a;, and in like manner for D,d,, Dic,. The determinant would 
then (Art. 16) be resolvable into the sum of three others ; but 
two of these would vanish, having two rows the same, and there 
would remain D),(a,b,c;) = — D;(a,b.c;). It follows then that the 
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eliminant of the system may be expressed in any of the equiva- 
lent forms obtained by forming the determinant (a,0,c;) of any 
three of the equations, and dividing by the remaining con- 
stant D,. 

Suppose now that we had five equations s, ¢, wu, v, w, con- 
nected by two linear relations D,s + D,t + Du + Dw+ Dsw = 90, 
fiis+ Lt + Eu + Hw + Hw = 0. Eliminating w from these re- 
lations, we have (D,;)s + (D,H;)¢+ (D;E;) u + (D.E;) v = 0, 
and we see, precisely as before, that the supposition (D,/;) = 0 
would cause the determinant (a,b,c;) to vanish; and that we 
get the same result whether we divide (a,b,c;) by (D,#;) or 
divide the determinant of any other three of the equations by the 
complemental determinant answering to(),#;). This reasoning 
may be extended to any number of equations connected by any 
number of relations, and we are led to the following general rule 
for finding the eliminant of the system in its simplest form. 
Write down the constants in the m + p equations, and complete 
them into a square form by adding the constants in the p rela- 
tions: thus— 


Ss; Ais b,, C7} D E 
t; Cay Dey C, | Dry Ee 
Us As Day cy, | Ds, Ee: 
vs sy Dy Cy Di, Ey 
Ws As, bs, cs | Ds, Es 


then the eliminant in its most reduced form is the determinant 
of any m rows of: the left-hand or equation columns, divided 
by the determinant got by erasing these rows in the right-hand 
columns. 

Thus, then, in the example of the last Article, we take the 
determinant of any 15 of the equations, and, dividing it by a de- 
terminant formed with three of the relation rows, obtain the eli- 
minant; which is of the twelfth degree, as it ought to be. 


59. And, in general, given three equations of the m*, n“*, and 

p' degrees, we form a number of equations of the degree m + 2 

+ p — 2, by multiplying the first equation by all the terms 2”?~, 
G 
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+p-1 + 
a”P-sy, and so on. We should in this manner have a 


E piecte los PINE 4 Meee ae eqtintiohay ata 
number of terms, 2”? ?, &., to be eliminated from the equations 


(m+n+p—1)(m+n+4p) 
2 


formed, is , or, in general, less than 


the number of equations, But again, if we consider the identity 
uv = vu, which is of the degree m + n, and multiply it by the se- 


(p—1)p 
D) 


the system of equations we have formed; and in like manner 
(n-1)n (m-—1)m 
perth 5 ter 
tities subtracted from the number of equations leaves exactly 
the number of variables to be eliminated, and gives the elimi- 
nant in the right degree. 


veral terms w?*, &c., we get identical relations between 


other identities ; and the number of iden- 


60. Ifwe had four equations in four variables, we should pro- 
ceed in like manner, and it would be found then that the case 
would arise of our having m + 7 linear equations in m variables, 
these equations not being independent, but connected by n + p 
relations; these latter relations again not being independent, 
but connected by p other relations. -And in order to find the 
reduced eliminant of such a system, we should divide the deter- 
minant of any m of the equations by a quantity which is itself 
the quotient of two determinants. I think it needless to go into 
further details, but I thought it necessary to explain so mych of 
the theory, the above being, as far as I know, the only general 
theory of the expression of eliminants as determinants; since 
whenever, in the application of the dialytic method, any of the 
equations is multiplied by terms exceeding its own degree, we 
shall be sure to have a number of equations greater than the 
number of quantities which we want to eliminate. 
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ESSON VII. 


DISCRIMINANTS. 


61. Bzrore entering on the subject of discriminants, we shall 

explain some terms and symbols which we shall frequently find 
it convenient to employ. In ordinary algebra we are wholly 
concerned with equations, the object usually being to find the 
values of a which will make a given function = 0. In what fol- 
lows we have little to do with equations, the most frequent sub- 
ject of investigation being that on which we enter in the next 
Lesson: namely, the discovery of those properties of a function 
which are unaltered by linear transformations. It is convenient, 
then, to have a word to denote the function itself, without being 
obliged to speak of the equation got by putting the function =0: 
a word, for example, to denote ax? + bay + cy? without being 
obliged to speak of the quadratic equation axz* + bry + cy? = 0. 
We shall, after Mr. Cayley, use the term quantic to denote a 
hom mogeneous function in general; using the words quadric, cubic, 
quartic, quintic, n’°, to denote quantics of the 2nd, 3rd, Ath, 
5th, n degrees. And we distinguish quantics into binary, 
ternary, quaternary, n-ary, according as they contain 2, 3, 4, n 
variables. ‘Thus, by a binary cubic, we mean a function such as 
ax® + bx?y + cay? + dy?; by a ternary quadric, such as az? + by? 
+ c2? + Qdyz + Qezu + 2fry &e. Mr. Cayley uses the abbrevia- 
tion (a, b, c, dXx, y)? to denote the quantic az + 3ba°y + 3cay? 
+ dy’, in which, as is usually most convenient, the terms are af- 
. fected with the same numerical coefficients as in the expansion 
of (2 + y)*. So the ternary quadric written above would be ex- 
pressed (a, b, c, d, e, f{x, y, z)®. When the terms are not thus 
affected with numerical coefficients, he puts an arrow-head on 
the parenthesis, writing, for instance (a, 5, c, d{ wx, y)® to denote 
ax® + ba*y + cay’? + dy’. When it is not necessary to mention the 
coefficients, the quantic of the n™ degree is written (a, y)”, 
(2, y, 2)", &e. 
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62. Ifa quantic in p variables be differentiated with respect 
to each of the variables, the eliminant of the p differentials is 
called the discriminant of the given quantic. 

If n be the degree of the quantic, its discriminant is a homo- 
geneous function of its coefficients, and of the degree p(n — 1)P>. 
For the discriminant is the eliminant of p equations of the 
(n — 1)* degree, and (Art. 40) must contain the coefficients of 
each of these equations in a degree equal to the product of the 
degrees of all the rest, that is (2 -1)??. And since each of — 
these equations contains the coefficients of the original quantic 
in the first degree, the discriminant contains them in the 
p(n — 1)? degree. Thus, then, the discriminant of a binary 
quantic is of the degree 2(m - 1); ofa ternary, is of the degree 
3(n—-1)?; &e. 
| 63. Ifin the original quantic every coefficient multiplying the 

Jirst power of one of the variables x, be affected with a suffix 1, 
every term multiplying the second power by a suffix 2, and so on ; 
then the sum of the suffixes in each term of the discriminant ts 
constant and =n(n-—1)P?. It was proved (Art. 40) that if 
every coefficient in a system of equations were affected with a 
suffix corresponding to the power of x which it multiplies, then 
the sum of the suffixes in every term of their eliminant would be 
equal to the product of the degrees of those equations, viz., 
= mnp&c. Now suppose, that in the first of these equations 
the suffix of x°, instead of being 0, was 2; that of x! was £+ 1, 
and so on; it is evident that the effect would be to increase the 
sum of the suffixes by 4 for every coefficient of the first equation 
which enters into the eliminant; and since (Art. 40) every term 
contains zp &c., coefficients of the first equation; the total sum 
of suffixes is mnp &c. + knp&e. = (m+ k)np &e.* Now, in 
the present example, it is evident that every coefficient in the 


p — 1 differentials ie &c., multiplies the same power of a 





* In like manner, if the suffixes in the second equation were all increased by %’, 
those in the third by #”’, &c., then the sum of suffixes in the eliminant would be 


(m+k)(a+ kh’) (p+ k") &e. 
dais (m+) np ----. + KT te fo~ — t+ KK" mn - - - 
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as it did in the original quantic U. But in the remaining differ- 
ee. U. ee 

ential, Fe? CVry coefficient multiplies a power of # one less than 


in U, and the coefficient multiplying any term 2* in this differen- 
tial will be marked with the suffix 2 + 1, since it arose from differ- 
entiating 4 term 2’! in the original quantic. It follows, then, 
that the sum of suffixes in the discriminant must = (n - 1)? 
+(m—1)P?=n(n-1)?7. 

We shall briefly express the results of this and of the last 
article by saying that the order of the discriminant is p(n —1)?7; 
and its weight, n(n —-1)P". Thus for a binary quantic the weight 


of the discriminant is n(n - 1). 





64. If a binary quantic contain a square factor, then, as is 
well known, the discriminant vanishes identically. For the two 
differentials must each contain that factor in the first degree, 

-and therefore, since they have a common factor, their eliminant 
vanishes. In like manner, if a ternary quantic be of the form 
X*g + XYp + Y*y, where X = ax + by+cz, Y= au+by+cz, 


then the discriminant must vanish, since every term in any of 


the differentials must contain either X or Y, and therefore the 
differentials have common the system of roots derived from the 
equations X =0, Y=0. In like manner, the discriminant of a 
quaternary quantic vanishes, if the quantic can be expressed as 
a function in the second degree of X, Y, Z, these being any 


linear functions of the variables.* We shall call those values 


ye shall call those v 
which make_all the differentials vanish, the singular roots of the 
quantic. 


65. We shall now discuss the properties of the discriminant 


(z — 1) 


of the binary quantic U = a,x” + na,x"y + ee a,u™y?+ &e. \ 


aus. yu s 
The eliminant of U and ig 8% times the discriminant; and 





* In other words, the vanishing of the discriminant of an algebraic equation ex- 
presses the condition that the equation shall have equal roots; and the vanishing of 
the discriminant of the equation of a curve or surface expresses the condition that the 
curye or surface shall haye a double point. 
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2h als. ; ; bee x 
the eliminant of U and aq, is um times the discriminant. For 


since nU = & rr) dy’ the result of substituting in x U any root 


of a is y (=) and when all the results of substitution are 


ee together, the product will be yy” &. (which is 
= d, see note, p. 21), multiplied by the product of the results 


ee sil Diets Me pts ay 
of substituting the same roots in dy’ which is the discriminant. 


66. Zo express the discriminant in terms of the values x, % 
LY, §c., which make the quantic vanish. 


Let U = (ay, — yxy) (y2— y%2) (ys — yas) &e. (see note, p. 21); 
dU 
then ROR (LY 2 YX2)(LYs— YX) &e.+ Y2(wy,— Yx1)(ay,—yx;) &e.+ Ke. ; 


fos 0 ae wid 
and the result of the substitution in as of any root my, of U is — 


Yr (LiY2 — YiX2) (LiYs — yiH3) &e. Similarly, the result of substitut- 
ING LY 18 Yo (XY — LrYo) (WeYs3 — Y2t3) &e. If, then, all the results 
of substitution are multiplied together, the product is 


+ YY2Ys &e. (2142 iad YiX2)* (LiYs = Yrs)” (LoYs = Ys) &e. 


This, then is the eliminant of Uand a and if we divide it 


by a, which is = y,y.y3 &c., we shall have the discriminant 
= (*iYy2 — Yr2)’ (Ys — Yrs)? &e. If we make in it all the y’s= 1, 
we get the theorem in the well-known form that the discriminant 
is equal to the product of the squares of all the differences of 
any two roots of the equation. We shall, for simplicity, refer 
to the theorem in the latter form. 


67. Lhe discriminant of the 2 product of two quantics is equal 


He to the product ¢ of their discriminants nts multiplied by the square of — 


their eliminant. For the product of the squares of differences of 
_ all the roots evidently consists of the product of the squares of dif- 
ferences of two roots both belonging tothe same quantic, multiplied 
by the square of the product ofall differences between a root of 








* We do not take account of mere numerical factors. 
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one and a root of the other, and this latter product is the elimi- 
nant (Art. 31). As a particular case of this, the discriminant of 
(2 — a) (a) is the discriminant of ¢(2) multiplied by the square 
of (a). For iff, y, &c., be the roots of ¢ (a), then (a—- 8)? (a-y)? 
(PB — y)? &c. is equal to the square of (a - B)(a - y) &c., which 
is @(a), multiplied by the product of the squares of all differ- 
ences not containing a. 


68. The discriminant of (do) Qy.- +» Gnay AnK 2, y)” ts of the | 
form And + ansb, where w is the discriminant of the equation of 
the (n — 1)* degree (a, a, ..... Ona» Anika, y)". For we 
evidently get the same result whether we put any term a,=0 
in the discriminant; or whether we put a, = 0 in the quantic, 
and then form the discriminant. But if we make a, = 0 in the 
quantic, we get « multiplied by the (n — 1) written above, and 
(Art. 67) its discriminant will then be the discriminant of that 
(n — 1) multiplied by the square of the result of making in it 


a =0; that is, by the square of a,,. In like manner we see ee 
that the discriminant is of the form ag + ay". , 


69. If the discriminant of a binary quantic vanishes, then 

the equal roots are found from the theorem, that the several differ- | 
ential coefficients s of the discriminant with respect to dy a, §¢., are 
proportional to the differential coefficients of the guantic with re- 
spect to the same 1e quantities. For, let U= apr" + a,x" + ana? + &e. a 
and let a be one of its equal roots, then a will still be a root of 
the quantic (a) + AAy) 2" + (a, + AA;) a") + &., provided only 
thate Ay, A,, &c., are connected by the equation V = Aga” 
+ Aja"! + A,a"? + &. = 0. But now I say that the discriminant 
of U+XV must be divisible by \?; for if U+ AV = (#- a) 
{¢(z) + AYx(x)}; then (Art. 67) the discriminant of U + XV will 
be divisible by the square of {¢(a) + Ava}; or, since ¢(a) = 0, 
will be divisible by \?._ But if A be the discriminant of U, the 
discriminant of U+)V is formed from it by altering in it a, 
into ad + AA,, a, into a; + AA, &e., and is therefore 
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cient of A must also vanish; but this relation must be the sanie 
as that which we already know to be the only one which need 
connect Ay, A;, &c. By comparing, therefore, any two coeflici- 
ents, we find the value of a. This proof holds equally if a, a, 
instead of being the coefficients themselves, were any quantities 
of which the coefficients were functions.* 


70. We shall give another proof of the theorem of the last 
article which will be applicable to the case of a quantic in any 
number of variables. For simplicity, we confine ourselves to 
the case of three variables. It was proved (Art. 45) that if a 
and b be any two constants which enter into three quantics 
¢, ¥, x, then the differential coefficients of the eliminant with 
respect to these constants are proportional to certain determi- 
nants. But when ¢, ¥, y are the three differentials of the 


a. : 
* These results may be confirmed by forming the actual values of - &e. in 
terms of the roots ; which I do by solving from the ” equations 


dA ddda_ dA dag 
da da da’ das da 


+ &e. 
We know the expressions for A, a, a, &c. in terms of the roots, and therefore, from 


nes &e. I find— 
day 


Fa 2B 1 (1-3 O- BY {(@-B) (4-7) + (4 B)(a- 8) +(@-Y(a-9} 


where the product of the squares of all the differences not containing a is multiplied 


these equations can find the » sought quantities 


by the product of the differences between a and » — 2 of the remaining roots : 








a = Za(B — y)? (y — 6)? (0 — B)? {(a — B) (a — y) + &e.} 
dA 
pa Za? (8 — y)2 (y — 8)2(8 — B)? {(a — B)(a — y) + &e.}, &e., 


and the supposition a = 6 reduces these sums to quantities which are in the ratio 
1, a, a®, &c. If more than two of the roots are equal to each other, all these differ- 
entials vanish identically, and we find the equal roots by proceeding to second dif- 
ferentials of the discriminant. A simpler series of symmetrical functions, however, 
can be formed possessing the same property, as suggested (Art. 47), namely, 


= (B—r)? (y— 6)? (8—B)?; Za (B — y)*(y — 6)* (8B)? ; Ba2(B — y)?(y — 6)2(8—B)*5 


this series being of an order one lower in the coefficients. 
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be Nits Pos % dx = ah , and we have 


ti h 
same quantic, we have — = Lede Gide oh Oe 


dA 
da 
being understood that the x, y, z which occur in them are the 
singular roots) :— 


dA ; ors ; 
and 7 proportional to the two following determinants (it 


dp dy dp dp dp dp 
da’ dx’ dx db’ dx’ dz 
dp dp dp} , | dp dg dp 
da’ dy’ dy db’ dy’ dy 
GK: dp dp dy dp dp 
da’ dz’ dz db’ dz’ dz | 


But, since x, y, z satisfy @ and y, we have 


oo at eee ety S hs +2 0. 


” da 7 dy * dz 9 ai 


* dy dz dz dy dzdz dadz'dzdy dydx 


Expanding then the two determinants above, their ratio is 


ONC! IS eo ay 


tdg "da. da obay db’ 2X 
or, since U is proportional to x@ + yf + zx, we have for the 
sought x, y, 2, 

geo dk dlls dU. 

fetdh ha” ak Q. E. D. 

71. We may now, by reversing the process of Art. 69, ex- 
tend to any quantic the theorem proved for binary quantics 
(Art. 68) :—*‘ That if a be the coefficient of the highest power 
of one of these variables; 4, c, d, &c., those of the next highest 
power ; then the discriminant is of the form 


al + (, x, py &e.d, c, d, Ke.)?.” 
Thus, for a ternary quantic, if a be the coefficient of x"; b, ¢ 


those of a""y, x""1z, then, if in the discriminant we make a = 0, 
H 
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the remaining part will be of the form 3’ + bey + ey.* 
To prove this: first, let U be any quantic whose discri- 
minant vanishes, V any other satisfied by the singular roots 
of U, then I say that the discriminant of (U + VA) will 
be divisible by A?. For, let U = az” + bay + ca™1z + &e., 
V = Ax" + Bay + Ca™z + &e., then the ie A in the 
discriminant of U + XV will be A = ~ Be ie ae — + &.: 
dA dA 

db? 
tively proportional to a”, xy, &e.; ae coefficient of X is there 
fore proportional to the result of substituting the singular roots 
in V, which, by hypothesis, = 0. 

Now, confining ourselves for simplicity to the case of a ter- 
nary quantic, if a be the coefficient of the highest power of z, 
b and c those of 2""x, zy, then the supposition of a = 0, b= 0, 
c= 0, must make the discriminant vanish, since then all the dif- 
ferentials vanish for the singular roots «= 0, y= 0. In order 
that any other quantic V should vanish for the same values 

= 0, y = 0, it is only necessary that A = 0. The general form 
of the discriminant then must be such that if we substitute for 
b,b+ AB, for c,c + AC, and then make a, b, c = 0, the result 
must be divisible by A’; or, in other words, if we put for 5, AB, 
and for c, AC, and then make a = 0, the result is divisible by 
\?, which was the thing to be proved. 


but it has been proved, Art. 70, that &e., are respec- 





LESSON VIII. 


INVARIANTS. 


72. We have seen (Art. 18) that the fundamental theorem of 
the multiplication of determinants may be stated as follows :— 
Let there be any number of equations of the first degree, and let 





* This theorem has some geometrical applications. 


INVARIANTS. 51 


the variables in each be transformed by the same substitutions, 
viz.: for #%, av + By + yiz+ &e.; for y, aw + By + y.z + Ke. ; 
for 2, a,x + Psy + yz + &e.; &e.; then the determinant is a func- 
tion of the coefficients of the original equations, such that the 
same function of the coefficients of the transformed equations is 
equal to the original determinant multiplied by the modulus of 
transformation (aiMzys)- 

Now, in general, let there be an equation, or system of equa- 
tions, of any degree, then any function of their coefficients is 
called an invariant, provided it possesses this same property, 
viz., that if the equations be transformed by linear substitutions 
for each of the variables, such as those given above, then the 






same function of the new ‘coefficients is equal to the old function 
—_— i ARNE REA RTE Ae a ———— 
multiplied by some power of the modulus of transformation. 

















We shall, in general, suppose the transformation to be uni-mo- 
dular, that is to say, such that (a:6.y;) the modulus of trans- 
formation is equal to unity, and then an invariant is a function 
of the coefficients which is absolutely unaltered by linear trans- 
formation. 

Let us take, as the simplest example, the quadric ax* + 2bay 
+ cy’, then its discriminant ac — 0? is an invariant. Tor, let the 
variables be transformed, and the quantic becomes 


a(ax + By)? + 2b(ax + iy) (az@ + Poy) + ¢(a,% + By), 
and ifthe transformed quantic be Aa? + 2Bay + Cy’, then we have 
A = aa;? + 2ba,az + ca’, C = a3," o 26802 + c.’, 

B = aa,Bi + b(aiB2 + a:(31) + car325 
and it can be verified without difficulty that 

AC — B* = (ae — 8’) (a:(32 - a2f3:)?. 
7 Again, to take an example of a system of equations, take the two 
quadrics, a2? + 2bay + cy’, a’a? + 2bxy+ cy’; then it can be veri- 
fied by actual expansion and multiplication, that if both equa- 
tions be transformed by linear substitutions, 


eB ge 4- CA’ — IBB = (ac + ca 7 255°) (ai. — a2[o1)*. 


The function ac + ca’ — 2bb' is therefore an invariant of this sys- Sd. C5 tate 
tem of equations. 4 Ki. yer ESOS | OPS 2 ae: Pe 
pe eed few Eke, / 
/ 


a 


“ 


52 INVARIANTS. 


73. Having explained the meaning of the word invariant 
we proceed next to explain the meaning of the word covariant. 


Given any quantic, and another derived from it according to any 


otal the ne derived quantic is said to be a covariant, ‘iant, provided 


Cee ik TT FEET Dininwamnar. maccoeed 


‘2 -z 


eam substitutions, then the result obtained by transforming g the 


Se TE CM aes 
derived quantic is the > same as that obtained by forming the simi- 


a 


ar derived of the transformed quantic (or at least differs from 


t only by a power er_of the modulus of transformation). Thus, 
take the quantic U, and the derived —— ay , this derived is not a 


covariant, because, if we transform U, oo then differentiate with 
regard to 2, we do not get the same result as if we were first to 
differentiate, and then transform. But it will be presently 


shown in various ways that the derivative —— da dy 


dU @u - (=a) 


dxdy 


is a covariant, that is to say, that it will be transformed into 


aV aV a?V \2 Lie 
de a €-4 , where V is the transformed of 


U, 


In this and the following Lessons our object is to point out 
ways by which the invariants and covariants of a given quantic 
can be found; and we confine ourselves in this Lesson to the 


theory of binary quantics.* 


| 74. The discriminant of a binary quantic, or the 
a system of binary quantics, is an invariant. 


eliminant of 


We can see a priori that this must be the case, for if a given 


quantic has a square factor, it will have a square factor still when 
it is linearly transformed ; or if a system of quantics have a com- 


* In the geometry of curves and surfaces, all transformations of co-ordinates are 
effected by linear transformations; invariants, then, are functions of the ns of the coefficients 
expressing certain fixed properties of the curve or surface whick which are independent 0 of 
our choice of axes; such as the condition that a curve or surface should have a 


—_—_— Oe < ae) . 
double point, &c. Covariants represent certain other curves or surfaces having 


a fixed relation to the given one, independent of our choice of axes. 


see then that the theory of the discovery of the invariants or covariants of a quantic 


must lead to the solution of many important geometrical problems. 


Pee ih. Ly Uh WE 


WA A f re PAL 


ae Finn prrns Lhe 


Flus leu 


ri form a f A So “FLV a a ee om f 


The reader will 


i 


eee fo, yb + coy abot f (pm be Lene mle 


~. ted 
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mon factor, they will still have a common factor when the equa- 
tions are transformed. The discriminant or eliminant of the 
transformed equations must, therefore, always vanish whenever 
the discriminant or eliminant of the original system vanishes ; 
the one must, therefore, contain the other as a factor.* The 
theorem, however, can be formally proved from the expression 
for the discriminant in terms of the roots. Let 2, y, be values 
which satisfy U, then a factor of Uis xy, - ya,, but when the 
variables are transformed, this becomes (a,2+ (31y) yi—(a2t+ Boy) 21. 
We see then that if we write the corresponding factor of the 
transformed U, « Y, - yX,, we must have X, = — (By — 82%), 
Y, =a,yi — a,t,. Now the expression for the discriminant or 
eliminant (Arts. 31, 66) is the product of a number of terms of 
the form xy. — y,%,. But from the above values for X,, Y,, and 
the corresponding expressions for X,, Y,, we can at once prove 


hivh J 
Pn ducfim é 


that (X, x3 = Y,X;) = (2142 +r YiX2) (ai. es a2[31). It follows 


then that the discriminant or eliminant of the transformed sys- 
tem is equal to the original multiplied by a power of a3, — a,3; 
equal to the number of factors in the expression for the discri- 
minant or eliminant in terms of the roots. 


75. It is evident, in like manner, that any symmetric func- 
tion of the roots of a quantic which can be expressed as the pro- 
duct of a number of factors a2 — y,2,, will be an invariant. 
Now, when we are expressing any ordinary algebraic symmetric 
function of the roots, in the language of homogeneous equations, 

: x : 
we substitute for each root 7. and then clear of fractions by 
. 1 
multiplying by a power of the coefficient of x”, which is the pro- 
duct of all the y’s, yiyoysy, Kc. Suppose now we were given 
. x, x,\* 
in a quartic = (a - (3), this would become (3 = =| ,and, cleared 
1 2 
of fractions, would be Sy;3?y.2(#1y2—Ye201)” which is not of the desired 
form. But any symmetric function of the differences of the roots 





* The same reasoning shows that discriminants or climinants of quantics in any 
number of variables are invariants. 
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r, Cry oy is an invariant, provided that each root enters the same number of 

nears times into the eapression. Thus, X(a - (3) (y - 6)’ in like 

tegen 7 7h, 4« manner becomes S(LY2 — Ys%2)? (Xsys — Ys%s)”, and, therefore, is 

6°" invariant in the case of a quartic, but would not be so in the 
case of a sextic, for the expression would then become 


ZYys Yo (x42 ee Yi%2)" (23Ya ce Yt, 
It is proved in like manner that any symmetric function formed 
of differences of roots and differences between x and one or more 
roots is a covariant, as, for instance, for a cubic, 3 (#- a)? (3B - y)’, 
it being understood that each root enters the same number of 
times into the expression. 





76. Let us next examine, when a quantic is linearly trans- 
formed, by what rules its differentials are transformed. Suppose 
that we writew7=a,X+b,Y,y= an + 6, Y, values which give 


1 
conversely X = Wi (b.4 — by), Y = Ti md a.t + ayy), where for 


brevity we have written J = a,b, - sith the modulus of transfor- 
mation. Suppose, then, that on making the above substitutions 

g(x, y) becomes ®(X, Y), we want to investigate the values of 
ao, dp . d@ d® 


Ta? a in terms of — FX? ay" Now we have 


d_ddaX ad ad¥ d_addX aay 
dx dX de dY du’ dy dX dy d¥ dy’ 


or, from the values above given for X and Y, 


EAS MG HORS: Stel BG sat aa d 
de M\ dX. .*dv.) dy M\ (4X 


and all powers of — are transformed by the same rule. 


d 
* dy 
But the above se may be written 








* All the invariants of binary quantics can be obtained in this way, which I 
gave (‘‘ Higher Plane Curves,” p. 297); but the expression of symmetric functions in 
terms of the coefficients is tedious, and the method itself not capable of being ex- 
tended to quantics in any number of variables. For this reason we go on to explain 
other methods of discovering invariants. 


4 t 
ae ae (4a, trae Ae OMe Yay); Zod ~A)CQ- Ny 
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a h(t oe +3(- 2) 
meet dy \ a X}\* de MI"ay - a) 


Thus it is seen that, with the exception of the constant divisor 





d d 
M, — ape and — 7 are transformed by exactly the same rules a as x 


ee ee 
and y; and that if we have by transformation formed any equa- 
tion o(a2, y) = ®(X, Y) we can, without calculation, write 


1 d d : . 
down @ (< - =] = i 05 - ix) the index of M being 


equal to " degree of o(a, y) in # and y. 





77. To take an example, let us suppose that ax? + 2bay + cy’ 
becomes by transformation = AX? + 2BXY+ CY?*; then we 
can write down 

d? d? dar nk d? d? d? 
A oR 
eddy as val dy *P axay * Ca 
It follows then, on applying this Ea noes symbol to the given 
quantic, that 
d? ; d? d? : : 
(az Bate pet ia) (ax oe Qbry + cy”) 
is equal to the corresponding function of the transformed equa- 
tion aEse by I, or by actual performance of the operation 
ac- b= iE =o (AC B*), as was proved already (Art. 72). 
In es manner, given a system of two quantics ax’ + 2bry + cy’, 
aa? + 2b'xy + cy; if we operate on the second with 
da ad? ad? 
ees cy 
we get ac’ +ca’ -— 2bb, which we asserted was an invariant 


(Art. 72). 


Again, from any binary quantic of even degree we can form in 


the same way an invariant of the second order in the ients. _ 


Thus operating on 


ax! + Abaty + 6ca*y? + 4dzy® + ey' 


{| 


56 INVARIANTS. 


with ; . 
di d' d’ 4 4 

© dy = dy*dx fit datdy? pe datdy ° da® 
we get ae - 4bd + 3c’, which is therefore an invariant. 

But if we treat a quantic of odd degree in like manner, we 
get no invariant, since the result will be found to vanish identi-. 
cally. Thus az* + 3b2*y + 3cay? + dy*, operated on with 

a a a3 a3 


apo tededyh lok dey ae 


vanishes identically. 


78. We proceed to define some new terms which it bu often 
be convenient to employ. ‘Two sets of variables 2, y, 23 2’, z3a',y', 2, are , 2’, are 
said to be cogredient when it is understood 1 that they are alws hey are always 


tobe transformed by the same_ linear substitutions, that is to 
say, that if we substitute for x, a, X +B: Y + y,Z, we are at the 
same time to substitute for a’, a, X’+ Bi Y’+yiZ', &e. Thus, 
for instance, if xyz are the running co-ordinates of a point on 
a curve, and 2’y’z’ those of a fixed point which enter into the 
equation of the curve, then, if we transform 2, y, z to any new 
axes of co-ordinates, we must of course make a corresponding 
change in w'y'2’. 

Again, if in any quantic we substitute x + Aa’, y + Ay, 


z+ dz’, &., for x, y, z, where 2z'y'z’ are cogredient with 
ayz, then the coefficients of the several powers of A, which 








d d d 
are all of the form | (2 ait y ay +2’ ae Ke. y U, are called the 
first, second, third, &c., emanants of the quantic.* 


79. Every emanant ts a covariant to the original quantic. 


It is easy to see that we get the same result whether in any 
quantic we write x + Aa’ for a, &c., and then transform x and x 
by linear substitutions, or whether we make the substitutions 
first, and then write X +X’ for X, &c. For, evidently, 


* The geometrical reader is already familiar with emanants under the name of 
‘polar curves or surfaces’ of a point with regard to a given curve or surface. 
IT 
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aX +B, Y¥ + 2+ A(X’ + BY’ + yi1Z’) = a(X + AX’) 

‘ +Bi(Y+AY’) + y:(Z4 + AZ’). 

If, then, ¢ becomes by transformation ®, so that ¢(a, y) 

= @(X, Y) we have proved that the result of writing x + Av, 

y+ ry &e., for x, y &. in ¢ is the same as the result of writing 

X +)X’ for X &. in ®; and as Xd is indeterminate, the coefli- 

cients of the several powers of \ must be equal on both sides 
of the equation; or we have 


Bay 7 + he Bexece,: +V 4 bo, &e. Q. E. D. 
80. If we consider any emanant as a function of a’, y', &c. re- }} 
garding x, y, &¢. as constants; then any invariant of the emanant 
will be a covariant of the original quantic, 1 quantic, when x, y, &c. are _re- 
garded as variables. 
The general proof will, perhaps, be better understood if we 
apply it first to a particular case. Take the second emanant 


ge’? Sate + Qz'r/ ay + y”? ae 
dae OY Gedy 7 ay? 
then it has been proved (Art. 79) that when both 2’, y’; #, y; are 
linearly transformed, this will become 


d?U eo ae Aah 
eae NN dxay 3% Tye 
Suppose that when a’y’ only are transformed, it becomes 
aX + 2bX'Y’+cY", then a, b, c must be functions of w and 
y, such that when these variables are linearly transformed, 
B, e will become respectively So, FU #U 
a, b, e will become respectively 7, se 7y Gyr 
been proved (Art. 72) that if the same emanant, by transfor- 
mation of z’y’ only, becomes aX” + 20X'Y'’ + cY” we shall 
dla. f Buy 
have ac — & = (a,f3, - a.f3,)? oS aes ( sax | ; but now 
transforming 2, y, in a, 6, c, we have 
PUPU ( PUY (PUdu ; 
dX? dY* \dXdY dx? dy? ae 7) | (aiBs- a.[31) 


and, therefore, the function 





Now it has 
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UU (@U\ 

as a any) 

is @ covariant. : Bees 
A At d ‘ . 

And, in general, if (« ape y’ ay + we. U by transformation 

of a'y’ only becomes aX” + nb XY’ + &.; then an invariant 

of this emanant is, by definition, a function of its coefficients 

which differs only by a power of the modulus from a similar 

function of a, b,c, &e. But (Art. 79) a, b,c, &e., when 2, y, &e. 

aS dels 


are transformed, become TX 7x™dy’ &c., and, therefore, 


any invariant of the emanant is a function of the differentials of 
the given quantic, which becomes by transformation a similar 
function of the differentials of the transformed quantic; that is 


to say, it 1s a covariant. 


81. It was proved (Art. 77) that every binary quantic of 
even degree had an invariant of the second order in the coeffici- 
ents. ‘l’o every one of these corresponds a covariant of quantics 
in general; thus we have a series of covariants :-— 

PUP?U (&U\ 

dx? dy? dady : 

dUdGU , dU aU dU \2 

dat dys ~~ dady dady ©” \da%dy? )” 

dU dU au du au aU asU \2 
10/ &e. 


da® dy’ — da’dy dady? dutdy? dudy* dasdy* 


Of course the second of these is inapplicable to any quantic under 
the fourth degree; it yields an invariant for that degree, and a 
covariant for higher degrees: the third of these is inapplicable 
to any quantic under the sixth degree, and so on. — 

The first of this series is called the Hessian* of the quantic. 
It may also be defined as the Jacobian (see p. 37) of the 





| * In general for a quantic in any number of variables the discriminant of the 


Se 


eocfficients. 
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differentials of a quantic. It will be proved further on that the 
Jacobian of any system of equations is a covariant of that system. 


82. Before proceeding further, it may be well to give an ex- ‘ 
ample of the use which can be made of the theory of covariants. 
Let us take the problem of the solution of the cubic equation 
ax® + 3bx*y + 3cxy? + dy’, which could evidently be effected if’ 
by linear transformations we could bring it to the form 


AX'+ DY*= 


in which shape its resolution into factors would be immediately 
performed. Now, if by any linear transformation we have 


ax® + 3bx°y + 3cxy? + dy? = AX®+ 3BX*?Y + 3CXY?+ DY; 


{ 
j 
j 


then, by the definition of a covariant, the Hessian 
(ax + by) (cx + dy) — (bx + cy)*; or 


(ac — b’) x? + (ad - be) ay + (bd - ¢)y 

= (AC - B*) X? + (AD-BO)XY+(BD- C)Y*. 
Now, if by the transformation the new B and C vanish, the 
Hessian reduces itself to ADX Y. It follows, then, that we 
are to take for X and Y the two factors into which the Hessian 
can be decomposed; and having thus found X and Y, if we 
equate the given cubic to AX? + DY, we at once determine 
A and D by comparison ‘of any two coeflicients. 


Ex. To reduce to the form 4X? + DY, 423 + 922+ 18% +4 17. 

The Hessian (4% + 3) (67 + 17) — (84% + 6)? = 1542+ 50x + 15, whose factors 
are 7+ 3, 87+1; and if we equate the given cubic to A(x + 3)3 + D(3z 4+ 153, 
we have from the first and last coefficients 


A+27D = 4, 2744+ D=17, 728D = 91, 7284 = 455; A: D::5:1, 
and, therefore, the given cubic is equivalent to 5 (# + 3)3 + (3¢+ 1)3. 


Every binary quantic of odd degree has a covariant of 
the second degree in the variables, and in the coefficients. For 
n-1 


the emanant |.2’ is then of even degree in 2’, y’, and 


d 
Fa Es 
its coefficients are of the first degree in wand y._ Its invariant 
then, as in Art. 81, gives us the covariant required. Thus, for a 
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quintic, the second of the series in Art. 81 will be a — 
for a septic, the third in that series, and so on. 


84. Every inva t of a covariant ts an invariant of the ori- 


ginal quantic. 
This follows directly from the definitions: for when the va- 


riables are transformed the expression for the invariant in terms 
of the coefficients of the covariant is unchanged, and the expres- 
sion of these in terms of the coefficients of the original quantic 
is unaltered; therefore the expression of the invariant in terms 
of these latter coefficients is unaltered. 


85. Every binary quantic of odd degree has at least one inva- 
riant of the fourth order. 

For it has (Art. 83) a quadratic covariant whose coefficients 
are of the second degree, and the discriminant of that quadric 
will be of the fourth order. Thus, for a cubic whose Hessian is 
(ac — b”) a + (ad — be) ay + (bd - c*)y?; the discriminant of that 
Hessian (ac — b) (bd - c) - 4(ad — bc)? is an invariant of the 
cubic. It is, in fact, its discriminant. It is well known that 
every cubic cannot, by real transformations, be brought to the 
form Az? + Dy’; for since this last form has one real and two 
imaginary factors, a cubic which has three real factors cannot be 
reduced to that fort form. Now these differences are indicated 
by the sign of the ane of the Hessian above written. 
When that discriminant is positive, the Hessian has two real 
factors, and therefore, the cubic has one real and two imaginary 
factors. When that discriminant is negative, the Hessian has 
two imaginary factors, and the cubic three real. When it va- 
nishes, both Hessian and cubic have two equal factors. For if 
the cubic is of the form X? Y, its Hessian can easily be seen to 


be X?, which has two equal factors also.* 


* Generally, if'a binary quantic have a square factor, that will be also a square 


factor in the Hessian, as can easily be proved b: by forming the Hessian of x29. 

This leads us easily to the condition that a quartic should have two square 
factors. For these must be square factors in the Hessian too, and since the Hessian 
of a quartic is itself a quartic, the Hessian and quantic can in this case only differ 


by a numerical factor. Byequating, then, coefficients m the quartic and its Hessian, 


we get the conditions required. 
—— — 
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86. From the covariants formed by the rules thus far ex- 
plained, we can again form new invariants by the method of 
Art. 76, which, again, by Art. 80, give rise to new covariants. 
Thus, take the quartic (a, b, c, d, e, fx, y)', and we have learned 


4 
that (a, b, c, d, aoe ~ =) is an inyariantive symbol of opera- 
tion. If, then, we operate with this on the Hessian 
(aa? + 2bry + cy?) (cx + 2dry + ey”) — (bx + Bay + dy*)?; 
or 

(ac — 6’, 2ad ~ 2be, ae + 2bd - 3c”, 2he — 2cd, ce - dx, y)4, 
the result will be ace + 2bcd — ad? — eb? — c*, which is an invya- 
riant of the quartic; and, consequently, 

@2UdU dU ‘Hu dU dU 
dx! dy dardy? A dady dxdy® da*dy? 
is a covariant of any quantic above the fourth degree. 

_ 87. Before concluding this Lesson, we have one more general 
principle to lay down, the consequences of which are of great 
importance. First, let 2’, y’ be any variables cogredient with 
x and y (see Art. 78), then we say that wy’ — yx’ is a covariant 
to any quantic whatever. For when both X,Y 3 ; v’, y'; are linearly 


transformed, then, by the theorem for multiplication of determi- 
nants, x7 — ya’ = (ai: — ai) (X Y’- YX’). 


88. Let J be any invariant of a quantic (a, a;, a2... {2x,y)", 
then 


n at n-1 dl sages ON 7. | 
ee ae <hr oe 


is called an evectant of the invariant; or, more generally, 


i d oe d P 
is an evectant. 


We shall now prove that every evectant is a covariant to the 

uantic. Suppose that by transformation (a, a,.. .{a#, y)” 

becomes (A,, A, . . -{-X, Y)", it follows from the last Article 
that (a, a, . - Ka, y)" + A(ay’ - yz)" will become 
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(Ay Ar... -Y X,Y)" + A(X VY’ - YX)". 
But the first, written in full, is 


(a) + Ay") a” + nx" y (a, — Ay’™ 12’) + = _ ) ans 4/°( da-+ AYy™ 2a?) — Ke. 


If now we form any invariant of in last quantic, it will, when 
transformed, become a similar function of the new coefficients. 
But the invariant of this quantic can be formed from the cor- 
responding invariant of the original, by writing in it a) + Ay” 
for a, a, — Aya’ for a, &c., when it becomes 


d d 
7) — 9/'N-lay! 
L+rX(y ie amare &e.) I+ &e., 


which is equal to the corresponding function of Ay, Aj, &c., and 
by equating coefficients of like powers of A, we see that every 
evectant of J is changed by linear transformation into a function 
of similar form; that is to say, it is a covariant. 


Ex. A cubic (abed Ky)? has an invariant (Art. 85), 
. ad? +. 4ac3 + 4db3 — 352c2 — 6abed ; 


to find its evectant. Ans. 
(ad + 203 — 8abc, 30%¢+ B8abd — Gac%, 6)°d — 3be? — Bacd, Bbed — 208 — ad2Ka, y)®. 


89. If a binary quantic have a square factor (ay' — yx’)*, the 
first evectant of the discriminant reduces itself to (ay/ es — yx’ yx)". 
By taking ay’ -— ya’ = Y, we can transform the quantic into a 
form in which the new A», A, will both vanish. Now it has 
' been proved (Art. 68) that the discriminant is of the form 
ap + ap. The differentials then of this discriminant with 
respect to any other coefficient a, will be of the form agg’ + a,*w, 
and will, therefore, vanish when a, and a, both vanish. Also, 
the differential with respect to a, is of the form agg’ + a,*p' + 2a, 
which will also vanish when a, and a, vanish. The only differ- 
ential, then, that does not vanish is that with respect to a, and 





‘ d 
the evectant reduces to the single term Y* 7A 
Pe 0 
Thus, then, for example, if the discriminant of a cubic vanish, 
its evectant written in the last example will be a perfect cube, 


and will give the singular root xy'- yz’. It can at once be seen 
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that the root found by this method is identical with that found 
by the method of Art. 69. 


° dl e 
If more than one pair of roots be equal, i also vanishes, and 
0 


it is proved in the same way that the second evectant of the 
discriminant 
d d d . 
ee eeten ae BPO A a sp Sy allen Say ain 
(y day dass 2 ° daz &.) 
is then a perfect n power, and equal (ay — y2’)"(ay" — y2")"; so 
that the two equal roots are found by extracting the n" root of 
this evectant, and then solving a quadratic equation. 


LESSON IX. 
CONTRAVARIANTS. 


90. THERE are some points in which the general theory is 
discuised when applied to binary quantics. We shall in this 
Lesson extend to quantics in general the results obtained in the 
preceding Lesson for binary quantics, but dwelling at length 
only on those points where the theory is distinct. It is suffici- 
ent to consider the case of three variables, as the theory is the 
same for all higher quantics. We commence by examining 
how the results of Art. 76 are to be extended; and we inyvesti- 
gate, when variables are transformed by the linear substitutions 


L=a,X+ Br: Yr 125 y= a,X + 22 Y + Y2Zs Z=a;X + Bs Yr 132s 


by what rule the differentials of the quantic are transformed. 
From the preceding equations we have (Art. 24) 


AX=A,x+Ay+A,z, AY=B,v+ Boyt Bz, AZ=Cya + Cry + Caz: 





where A is the determinant (a,3.y3), and A,, B,, &c., the minors 
corresponding to a, 31, &c. Again, we have 


Weed xX, dd Y ddZ_\(, 4p 4 od 
MM 6 dV de dz dz AV dX dy aa: 
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In like manner 


gel 
"dz RB 


d 


dy A c\Aagg t B Pt ay zh} 


As75 ‘aoe yt Ges 


which are the formule required. 


91. We have already said (Art. 78) that a set of variables 
a'y'z’ are said to be cogredient with xyz, if it is understood that 
whenever xyz are linearly transformed, 2’y’z’ are to be transformed 
by the same substitutions. Now, a set of variables €nZ are said 
to » be cont. contragredient to xyz if it is understood that whenever 2 aye 
are re linearly transformed, En are also to be linearly transformed, 
but by reciprocal substitutions (see Art. 25), that is to say, that 
when we substitute for x, a+ Piy + yz, we are to sub- 
stitute for &, 4, + Bin + C,Z &c. where A,, B,, C; are the con- 
stituents of the reciprocal determinant. The results, then, 
of the last Article may be briefly expressed by saying that 
dd 


aE PR ORE: are contragredient to x, y, z. It is, of course, equally 


true for binary quantics that Ft are contragredient to a, y. 


If, however, the direct transformation is a,X + (, Y for a, and 
a, + [3, Y for y; this may be expressed by saying that y is trans- 
formed into [32 Y- a, (-X) and - # into - 8; Y+ a, (— X). But this 
last is (see Art. 76) the contragredient or reciprocal substitution. 
Hence y and - x are contragredient to w and y, and instead of 

é d d : 
saying that ep and a are contragredient to x and y, we found it 
more simple to say that they are cogredient to y and — 2. 

Weshall, in what follows, ordinarily use Greek letters &, n, Z, 
to denote variables contragredient to w, y, 2 


92. The function x& + ve + yn t ot, where Eno are contragredient 
to xyz, ws unaltered ‘by lin linear ear transformation. For when both 
are transformed according to the rules explained, the new coefti- 
cient of x& will be Aja; + Aza, + Azas = A (Art. 22), which will 
also be the new coefficient of yn and 2; while the coefficient 
of every other term vanishes,—that of an, for instance, being 
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Bia, + Bia, + Baz = 0 (Art. 23). Hence x€ + yn + 2Z is trans- 
formed into A(xé + yn + 2). Art. 87 is a particular case of this, 
€ and y being cogredient with 7’ and — wv’. 


93. We have defined a covariant as a derivative which retains 
its relation to the primitive when the variables in both are trans- 
formed by the same linear transformations. We have now to 
define a contravariant which is a derivative function of £nZ, and 
which retains its relation to its primitive when the variables in 
both are transformed by reciprocal substitutions. Thus, take 
the ternary quadric (or the equation of the conic) 


ax? + by* + cz* + 2Wdyz + Qezx + 2fry, 
then the reciprocal conic is represented (see ** Conics,” p. 267) by 


(bc - d®)&? + (ca - e*) yn? + (ab — f*) 2? + 2(ef — ad) nF 
+ 2(fd — be)ZE + 2(de - cf )En. 


Now, this is not a covariant, for if the conic be referred to 
any new axes, the reciprocal with regard to the new origin is no 
longer the same curve as before. But it 7s a contravariant, for 
it represents (see ‘* Conics,”’ p. 251) the condition that the line 
2— + yn + 2% should touch the conic, and it has been just proved 
that when we transform &, n, 2, by reciprocal substitutions, 
2& + yn + 2% remains unaltered. We must, therefore, get the 
same result whether we. transform &, », 2, in the quantic 
(bc — d’?)E? + &e., or whether we form directly the condition 
that x€ + yn + ef should touch the transformed of az? + &e. 

In like manner, the equation of the reciprocal of any curve 
is always a contravariant (though, in general, not the only con- 
travariant) to the equation of the curve.* 

~The word concomitant is used as a general term to include 
both covariant and contravariant; and a mixed concomitant is a 
derivative function containing both a, y, 23 & , €, which retains 





* In general, if ¢(a, y, <) represent a curve, W(&, 7, 2) denotes a relation be- 
tween the coefficients of the equation of a right line (w§ + yy +22) subjected to cer- 
tain conditions. w(, 7, 2) may, therefore, be taken to represent the envelope of the 
line in question ; or, in other words, it is the equation of that envelope in line co- 
ordinates. See ‘‘ Higher Plane Curves,” chap. i. 

K 
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its relation to the primitive, when the one set of variables is. 
transformed by direct, and the other by reciprocal, substitutions. 


94. It follows at once from Arts. 90, 91 (see also Art. 76), 


that if in any contravariant we write — , for &, n, o, we 


di Vdd 
dx? dy? dz’ 
shall have an invariantive symbol of operation. Thus, assuming 
for the present that the function given (Art. 93) (bc — d?)&? + &e. 
2s a contravariant to az + &c., we may substitute in the former 


[ie ; Ne. 
= for €, &c., and operating with it then on the latter, we get 
abe + 2def— ad? — be? — ef, which we should thence infer must 


be an ae of ie given quadric. In like manner, we 


may Mint dla for x, y, 2 


d 
dé” dy o 


95. Again, for the same reason, the result of substituting 
d dU dU 


- or 4 is a covariant. Thus, in a binar 
ie dy? Ae S> 1» aR ’ ue 


. ee, OTE EL ; 
quantic, the result of substituting daz dy for y and - z 1s a co- 


variant. For example, if U = az? + am + cy’, then 


dU dU | dU (“ U ) 
+e{ = 
dy yong da on y de 
is acovariant. It is, in fact, proportional to (ac — b*)U. 


1 hit coa ee : 
In like manner, the result of substituting Tn for € &c. in 


(be — d’)E? + &c. is a covariant. It will be found to be 
(abc + 2def— ad? - be? — cf?) U. 


It follows from the principles laid down that the Jacobian 
is a covariant. For when a, y, z are linearly transformed, 
dU dV 
da? dx? 
by the theorem of Pee ge 2 determinants, the determi- 


, &¢., are transformed by the reciprocal substitution ; and 


nant formed with the tr ansformed © —- ~ Ge. is equal to the original 


Jacobian multiplied by the Stites formed with the reci- 


* 
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procal constituents A,, b,, &c., which (Art. 25) is a power of the 
modulus of transformation. 


96. We may generalize Arts. 88, 89, as follows. If be any 
invariant of a quantic 


n(n — 1) 


re a,x *y? + &e., 


Aye” + Nae y + nba" Zz + 
then 
Gr + By Sg emg 1 Emtg = i+ be.) “fi 
day 


is an evectant of that <a It is to be paitic that the 
given quantic is written wth, and the evectant without, binomial 
coefficients. Every evectant is proved to be a contravariant, as 
at Art. 88. Thus, if aw" + &c. becomes by transformation 
A,X” + &¢c., then it has been proved (Art. 92) that € + yn + 27 
is a universal concomitant: therefore 

acu" + &e. + A(#E + yn +20)" = AX" +X XZ + YH + ZZ)", 
and any invariant of one side of the equation will be transformed 
into a similar function of the quantities on the other. But any 
invariant of a,x" + A(wg + &e.)” is got from the corresponding 

invariant of the original quantic by writing a, + XE" for a, 
a, + AE""y for a, 0, + AE" for 6, &e., and any invariant J be- 


l 
comes thus J + Xd (&" = + &e.) [+ &e. 
~ 0 


‘The coefficients, then, of each power of d will be transformed 
into similar functions of the new coefiicients, and since it is 
understood all along that &, n, ¢ are transformed by the reciprocal 
substitutions, therefore, the coefficient of X is a contravariant. 
Thus, if we know that the discriminant of the quadric (Art. 93) 
is abe + 2def'+ ad? — be? — cf?, we can infer that its evectant 
i +4" a + & ue 

Piles dp 
is a contravariant. ‘This evectant is (bc — d?)E? + (ca —e*)n? + &e., 
the same as the equation of the reciprocal already referred to.* 


+ &e. 





* There is little doubt that the reciprocal of an algebraic curve can always be 
ad d n-l ‘ el 
represented in the form ( & = + &n-ly 7 + &. | J, where J is a certain invariant 
of the order 3(% %): 
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97. When the discriminant of a ternary quantic vanishes, it 
has a set of singular roots, xyz’ [geometrically, the co-ordinates 
of the double point on the curve represented by the quantic]; and 
in this case the first evectant of the discriminant will be a perfect: 
n® power of w&+y'n +22. For if the discriminant vanishes, 
the quantic can be so transformed that the new coefficients of 
2”, 2™ 14, 2" 1y, VIZ.y Ao, Qi, b, shall vanish [in geometrical language, 
so that the origin shall be the double point]. But it was proved 
(Art. 71) that the form of the discriminant is 


“ 


Qop aR ap af aby ote by. 


_ It is proved then, as at Art. 89, that when ap, a, 6, all vanish, - 
. every differential coefficient of the discriminant vanishes except 


re The evectant then reduces itself to a multiplied by the 
day day 

perfect n power &, which is what (a’& + yn + 27)" becomes 
when 2’ and 7’ = 0, and 2 = 1. | 


Thus, then, if the discriminant of a quadric vanish; that is, if 
, abe + 2def— ad? — be? —- cf? =0; 
the quadric represents two right lines, and 2’y'z’, the co-ordinates 
of the point of intersection of those lines, are given by the 
identity 
(WE + y'n + 27)? = (be -— d’)& + (ca — &)n? + Ke. 
If the curve represented by a ternary quantic have two double 
points, all the first differentials of the discriminant vanish, and 
its second evectant becomes a perfect n" power of 


(vE + yn + 22) (2"é + yy + Zig 


CA | dae 


where 2'y's', xyz" are the two double points. 
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LESSON X. 


DIFFERENTIAL EQUATION OF INVARIANTS. 


98. Ifn be the order of any binary quantic, 0 the order in 
the coefficients of any of its invariants, then the weight (see Art. 
63) of every term in the invariant is constant and = 4n@. 

If we alter into pz, leaving y unchanged, then, since this is 
a linear transformation, the invariant must, by definition, remain 
unaltered, except that it may be multiplied by a power of p which 
is in this case the modulus of transformation. It is proved then, 
precisely as in Art. 34, that the weight, or sum of the suffixes in 
every: term, is constant. 

Again, the invariant must remain unaltered if we change a 
into y, and y into «, a linear transformation the modulus of which 
is—1. ‘The effect of this transformation is the same as if for 
every coefficient a. we substitute a,,. Hence the sum of a 
number of suffixes 


a+PB+y+ &. =(n-a)+(n-B) + (n-y7) + &., 
whence 2(a + 3 + y+ &.)= 270. Q.E. D.* 


The principles established in this article enable us to write 
down immediately the literal part of any invariant whose order is 
given. . Thus, if we are required to form for a cubic an invariant 
of the fourth order in the coefficients, its weight must = 6, and 
the terms must be 


AzAzAyAo, AzAzA,Aoy A3Q1QjQjy AzA2A2Qo, AzA2A\Q}. 


We shall presently show how the coefficients of these terms can 
be found. 
The reader will observe that there are as many terms in this 





* It follows immediately, that and @ cannot both be odd, since their product 
is an even number: or, @ qguantic of odd degree cannot have an invartant of an odd 
order. 
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invariant as the ways in which the number 6 can be expressed 
as the sum of four numbers from 0 to 3 inclusive; and generally, 
that there may be as many terms in any invariant as the ways 
in which its weight 470 can be expressed as the sum of # numbers 
from 0 to v inclusive. 


99. Similar reasoning applies to covariants. A covariant 
like the. original quantic must remain unaltered, when we change 
« into px and at the same time every coefficient a, into p2a,. If, 
then, the coefficient of any power of x, a in the covariant be 
aubgc, &e., it is obvious, as before, that w + a + B + y + &e. must 
be constant for every term; and we may call this number the 
weight of the covariant. 

Again, in order that the covariant may not change when we 
alter x into y, and y into a, we must have 


wtatBP+yt &.=(n'-p) + (n-a)+(n- P) + &e, 


where nm’ is the degree of the covariant in # and y: whence, if 0 
be the order of the covariant in the coefficients, we have immedi- 
ately its weight = 3(n0 +7’). Thus, if it were required to form 
a quadratic covariant to a cubic, of the second degree in the co- 
efficients, the weight is = 4: we have, then, for the terms mul- — 
tiplying 2, a + 3 = 2, and the terms must be a,a) and a,a,. In 
like manner, the terms multiplying zy must be aja and a,a, 
and those multiplying y? must be a,a, and a,a,. We proceed 
now to establish the principle by which we can determine the 
coefficients of the terms, the literal part of which we have shown 
how to find in this and in the last Article. 


100. Every invariant satisfies certain differential equations 
which can be found from very simple considerations. Take the 
binary quantic (a, a1, a2... {2,y)". Then any invariant is, 
by definition, a function of its coefficients which will not. alter 
when we change a into w + Ay, leaving y unaltered.* But the 
effect of this substitution is to make the quantic become 





me oi see =e — ssa —— —— en 


* In this case the modulus of transformation is 





1 SA07 ee 
mel: 
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- | 
AX" + N(a, + Nay) wy + wh (a, + 2Aa, + Nay)a"*y? + &e. 


Any function, then, of the coefficients of the transformed 
quantic is got from the corresponding function of the original 
by writing a, + Ad for a, a, + 2Aa, + 2a, for a,, &c. But if the 
function is an invariant, the coefficients of the several powers of 
X must vanish ; and, confining our attention for the present to 
the coefficient of A, we see that an invariant must satisfy the 
condition 

_ he cs BA + na Sie aly 
° da, * da, Caan Ga NS Rt. dn hu 

Thus, for example, for the invariant of a quadric a a, - a,?, 

we have 


It may be proved in like manner, by keeping x unaltered, and 
changing y into y + u2, that an invariant must. also satisfy the 
equation 


Na, 





ee (2 — 2)as = 4 Ke. ="0. 


dl 
gai +(n- 1)a, ae 


d 

If the quantic had been written without binomial coefficients 
(do, Gy, dz... Ka, y)" it is proved, in like manner, that its in- 
variants must satisfy the equations 


dl 
da, 





di 
+ &¢.=0;3 a, Fs + 2a, —+&e.=0: 
0 


dI d 
Nay —— +(n—1)a; —+(n-2)a,z 
da, ( ) * da, ( ) “dds d. 
101. The conditions just found for an invariant are not only 
necessary, but sufficient; that is to say, when the coefficient of 
X vanishes, the coefficients of the other powers of X will also 
vanish. ‘Thus, the coefficient of \? is, without difficulty, found 





to be 
dl df dl 1 d d 2 
ao Ba Sera 15 6a, oe &e. an ral ag, 2 TN &.) ‘Le 


where in the latter symbol the a, a,, &c. which appear explicitly 
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are not to be differentiated. But it will be seen that this is 
precisely 


1 d d d ad d 
ral“, fae aa 8a, +o. (a 07 ; + 2a, —— TPs me JE 


For when we operate with the symbol on itself, the result will 
be the sum of the terms got by differentiating the a, a,, &e., 
which appear explicitly, together with the result, on the sup- 
position that these a,, a,, &c., are constant. Thus, then, the co- 
efficient of X? vanishes, since a, ack a OG, ae a 

day day 
to vanish identically. So, in like manner, for the coefficients of 
the other powers of X. 

It follows, then, that when the two equations given in the 
last Article are satisfied, the quantity J will remain unaltered, 
however the variables are linearly transformed; and, therefore, 
that these equations are sufficient to Sete an invariant. 
Further, as one of these equations is derived from the other by 
changing each coeflicient a, into @y_,, it is sufficient to use one 
of the equations, provided we take care that the function we 
form is symmetrical with regard to x and y; that is to say, 
which does not change when we change each a. into ay... This 
condition will be sufficiently fulfilled if we take care that the 
weight of the invariant is that determined in Art. 98. ‘ 


+ &¢c. 1s supposed 


102. The following examples will sufficiently illustrate how 
the condition just established enables us to form invariants of 
any given order. We abstain from entering into detail as 
to methods by which the work may in practice be shortened, 
since the reader, after working a few examples of this kind, 
would soon discover such expedients for himself. 


Ex. 1.—Let us proceed with the example (Art. 98), and form the invariant of a 
cubic, the literal part of which we there saw was of the form 


Aaza3@ odo + Bazazaya) + Cazayaia, + Dazdzdaay + Eagaayay. 
One of the coefficients, 4, may be taken = 1, and it remains to determine B, 0, D, E. 
Operate on the above with the symbol 
d 


t BAe, a +3 
P tagt fe dae ee 
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when we get 
(B+6.A) dgt,a9a0+(38C04 2B) asayayaot (2£+ 6D + 3B) agagayay + (44430) ayaaa,=0. 


Equating separately to 0 the coefficient of each term, and taking 4 = 1, we find 
B=-6, C=4,D=4, E=-3. 


Ex. 2.—To form an invariant of the third order for a quartic. Here the weight 
is = 6, and the invariant is 


Aagaet) + Basaya, + Cagazao + Dagaga, + Eaza2d2. 
ad ad a 
? Teoh ree pata —, we find 
(2B + 2.4) ayayao - (D+ 6C+ 4.4) agagao + (2D + 4B) asaya + (6£ + 3D) adem, = 0. 
Whence we have 


Operating with toe + 2a, — 


A=1, B=-1,D=2, F=-1, C=-1. 


Ex. 3.—To form the discriminant of (a0, &1, dg». Xa, y)", which we suppose 
arranged according to powers of a. We know already (Art. 68) that the absolute 
term is a;2D, where D is the discriminant of (a, az.. Xa, yy), The. discrimi- 
nant then is 

ay2D + aod + ary + &e. 


: “ite a a 
Operating on this with a1 = + 2a =— ah + 303 me &e., we may equate separately to 


zero the coefficient of each power of ao. ti then, the part independent of ap is 


d 
ap +4aa2D + a; oa — + 3a3 adh + &e, \p 
day day / 


d d 
or, remembering that | a — + 2a3— + &e. = 0, we have 
S day” dan 


d a 
@ =— 4a,.D + ea + 244 oa + &e. \p, 


and the discriminant is 


ad 
(ai? — 4aoa2)D + ayao a, — + &e. ) D + arb + &e. 


met 
® dag daz 
In like manner, from the coefficient of a; we can determine wW, but the result is 
not simple enough to seem worth writing down. 


103. Mr. Cayley has succeeded in deriving from the preced- 
ing theory the number of independent invariants of a binary 
quantic of given degree. We omit the details of his investiga- 
tion as too difficult, and merely indicate the principles on which 
it rests. 

In seeking to determine an invariant of given order as in the 

L 
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examples (Art. 102), we have a certain number of unknown co- 
efficients A, B, C, D, &c., to determine, and we do so by the help of 
a certain number of conditions formed by the help of the differ- 
ential equation of the invariant. Now evidently if the number 
of these conditions were greater than the number of unknown 
coeflicients, the formation of the invariant would be impossible; 
if they were equal, we could form one invariant; if the number 
of conditions were less, we could form more than one invariant 
of the given order. Now, we have seen (Art. 98), that the num- 
ber of terms in the invariant, which is one more than the number 
of unknown coefficients, is equal to the number of ways in which 
the weight 4n@ can be written as the sum of @ numbers, none 
being greater than n. And on looking at any of the examples 
(Art. 102), the reader will see that the number of conditions is 
equal to the number of terms in a function of the order 6, and 
whose weight is one less than the given weight; and that it is 
therefore equal to the number of ways in which $n0 — 1 can be 
expressed as the sum of @ numbers, none exceeding ». ‘The de- 
termination, then, of the number of invariants of a given order 
depends on a calculation of the difference between these two 
numbers, and evidently would lead us to an investigation of the 
theory of the partition of numbers, a subject which we do not 
mean to include in this series of Lessons. 


104. We can, in like manner, find certain differential equa- 
tions which must be satisfied by the terms of a covariant. 
From the definition of a covariant we must get the same result, 
whether we change in it # into x + Ay, or whether we make the 
same change in the original quantic, and then form its invariant. 
But this change in the original quantic (Art. 100) is equivalent 
to changing a, into a, + Ado, a, into a, + 2a,A + aA, &e. Hence 
in the covariant also the change of x to # + dy must be equiva- 
lent to changing a, into a, + Aa, &e. Let the covariant then be 


Aa? + p AyaP ly + ze) A,uP?y? + &e. 


Let us express that these two alterations are equivalent, and 
confine our attention to the terms multiplying 4, when we get 
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d 
(«, wae 2a, ay 3a, mI + &. 4s = 3A,, &e., 


which are the required equations. 


Ex. To find the quadratic covariant of a cubic. 
The coefficient of 2? is Ay = a2a0 + Baim (see Art. 99). Operating on this with 
d ; Ge 
% & + 201 , the first of the above written conditions gives us (2 + 2B)aom = 0, 
1 2 
whence B=—1. Inlike manner the terms multiplying vy are 2.4) = Cazao+ Dam ; 
and the second of the above written conditions gives us 


(D + 30 — 2)agao + (2D + 2) aa, = 0; 


whence D=—1, C=1. Lastly, the terms multiplying y? being 42 = Haga, + Faza2; 
the third condition gives (Z— 1) aa3 + (4F+ 32+ 1) aa,=0, whence # =1, 
f= — 1, and the required covariant is 


(aodz — a0) “* + (aodz — 102) HY + (a1a3 — Agd2)y?. 
105. The results here arrived at may be stated a little differ- 


: d he 
ently. The operation y ae performed on any quantic is equiva- 


lent to a certain operation performed by differentiating with 
regard to the coefficients. Thus, for the quantic (a, a,...{a,y)” 


= nals d 
we get the same result whether we operate on it with y i 


with a + 2a, a + &c. This latter operation, then, may be 
ay 


written ly =| : and the property already proved for a covariant 


é iad d 
may be written that we have for it y ae Ly =| =0. In other 
words, that we get the same result whether we operate on the 


‘ , d ; d d 
covariant with y — or with a, ——+ 2a, — +3a,— + &c.-~In 
da du, day da; 
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his latest memoirs Mr. Cayley has started with this property as 
his definition of a covariant: a definition which includes invari- 


: Ne 
ants also, since for them we have y S = 0; and therefore also, 


adl 
Ly a =0.° We have preferred to follow the historical order, 


and to consider covariants and invariants from the point of view 
from which they were first studied. 

It can be proved in like manner, that quantics in any num- 
ber of variables satisfy differential equations which can be ex- 


: d d | d d : 
pressed in the form y ma ly Tn / ie E 5, |:&e Thus, for 
the quantic ee b, c, d, e, ffx, y, 2)? we have 

of d d d d 
Y Ie“ at it Pa de" ae}! a 
and any invariant must satisfy the two conditions 
see dI_ dl dl 
aot + fee 0, aT +ha7+ ¢ 


as may easily be ser from the consideration that the invariant 
is to remain unaltered if we substitute for x, x + Ay, or # + Kz.* 


* Tt ought to have been mentioned, that in calculating by the method illustrated 
(Art. 102), the invariants of a quantic in any number of variables, a useful verifica- 
tion is afforded by the fact that the swm of the nwmerical coefficients must = 0, it being 
supposed that the original quantic was written with binomial coefficients. This 
will be proved if we show that every invariant must vanish identically if we 
make all the literal coefficients equal, in which case the quantic will become a — 
perfect 2 power, and can by transformation be made to assume the form 4oX*, 
Now the law of the weight of the terms of an invariant shows easily that no in- 
variant can contain aterm such as a@?. In fact, if it did, it should also by symmetry 
contain a term such as 49”, where dy is the coefficient of y”, and ao”, do?, having dif- 
ferent weights, cannot be terms in the same invariant. It follows, then, that if we 
make all the literal coefficients = 0, except a, the invariant must vanish. 
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106. Wuen Mr. Cayley first discovered invariants, he gave 
them the name of ‘‘ hyperdeterminants ;” and, now that the latter 
name has been replaced by one more expressive, 1 employ the 
word ‘hyperdeterminant” with exclusive reference to a fertile 
method of investigating invariants and covariants, given by Mr. 
Cayley in his early researches on this subject. 

Let x1, 713 2 y, be any two cogredient sets of variables ; 
then it was proved (Art. 87) that ay, — y,v, is an invariant. 
eed dd 
dx, p) dy; p) dx,’ dy, 
both being transformed by the reciprocal substitutions (Art. 76), 
it follows that z i ~ + a is an invariantive symbol of ope- 
ration; and that if we operate with any power of this symbol on 
any function of 21, y), 2) Yz, we shall obtain a covariant of that 

d d d 


' d sakes 
function. We shall use for is ae a0 ae , the abbreviation 


Also, since are cogredient with each other, 


12. 

Suppose now that we are given any two binary quantics U, V, 
we can at once form covariants of this system of two quantics. 
For we have only to write the variables in U with the suffix (1), 
those in V with the suffix (2), and then operate on the product 
UV with any power of the symbol 12; when the result must be 
an invariant or covariant. Thus if 


U = an? + Qbay, + cy.?; V= aa? + Way, + cy,”, 


and that we operate on UV with 12?, which, written at full 
length, is 

d= @ d? d@ a? d? 

du, dye de? dy? ~ dwdy, de,dy: 


the result is ac’ + ca’ — 2bb', which is thus proved to be an inva- 
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riant of the system of equations. In general, it is obvious that 
the differentials marked with the suffix (1) only apply to U, and 
those with the suffix (2) only to V; and it is unnecessary to 
retain the suffixes after differentiation ;* so that 12? applied to 
two quantics of any degree gives the covariant 


PUY @BUGV . eU &Vv 


dx dy dy® dx? ~ dxdy dxdy 
Similarly the symbol 12° applied to two cubies gives the 


invariant 
(ad' — ad) — 3(be' - Be), 


or to any two quantics gives the covariant 


eUav ,@U VY aU BV ba. 
da dy?” dady dudy ” dedy* datdy~ dy® das’ 


and so in like manner for the other powers of 12. 


107. We can by this method obtain also invariants or covari- 
ants of a single function U. It is, in fact, only necessary to sup- 
pose in the last article the quantics U and V to be identical. 
Thus, for instance, in the example of the two quadratics given 
in the last Article, if we make a = a', b = U', c=’, the invariant 
12? becomes 2(ac — b°). And, in like manner, the expression 
there given for the covariant 12? of a system U, V, by making 
U = V, gives the covariant of a single quantic 

Ud. (fu 
rarity 

In general, whenever we,want by this {method to form the 
covariants of a single function, we resort to this artifice:—We 


am) 





* If W be any function containing 7, ¥1; 2, y2; we shall get the same result 
whether we linearly transform these variables, and afterwards omit all the suffixes 
in the transformed equation ; or whether we had omitted the suffixes first, and after- 
wards transformed w andy. This results immediately from the fact that 7, 71; 
X2y Y2; %, Y, are cogredient. It follows then at once that if WV written as a function 
of 21, Y1; %2, Y2; be a covariant of U, V; that is to say, if the expression of the co- 
efficients of W in terms of the coefficients of U and V be unaffected by transforma- 
tion, then W is also a covariant when the suffixes are all omitted. 
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first form a covariant of a system of distinct quantics, and then 
suppose the quantics to be made identical. And in what fol- 
lows, when we use such symbols as 12" &e. without adding any 
subject of operation, we mean to express derivatives of a single 
function U. We take for the subject operated on, the product 
of two or more quantics U,, U,, &e., where the variables 2%, 22%2, 
&c. are written in each respectively, instead of # and y; and we 
suppose that after differentiation all the suffixes are omitted, and 
that the variables, if any remain, are all made equal to a and y. 


108. From the omission of the suffixes after differentiation, 
it follows at once that it cannot make any difference what figures 
had been originally used, and that 12” and 34” are expressions for 
the same thing. In the use of this method we have constantly 
to employ transformations depending on this obvious principle. 
Thus, we can show that when z is odd, 12” applied to a single 
function vanishes identically. For, from what has been said 
12" = 21"; but 12 and 21 have opposite signs, as appears imme- 
diately on writing at full length the symbol for which 12 is an 
abbreviation. It follows then that 12" must vanish when x is 
odd. Thus, in the expansion of 12%, given at the end of Art. 
106, if we make U = V, it will obviously vanish identically. The 
series 12%, 12, 12° &e. gives the series of invariants and covari- 
ants which we have already found (Arts. 77, 81). It is easy 
to see that 12" applied to (a), a, a:... Xa, y)” gives 


n.n 
Ayan oak NA,An-1 i i. Vie xh A2A n-2 i &c., 
where the last coefficient must be divided by two, as is evident 
from the manner of formation. 


109. The results of the preceding Articles are extended 
without difficulty to any number of functions. We may take 
any number of quantics U, V, W, &c., and, writing the variables 
in the first with the suffix (1), those in the second with the suffix 
(2), in the third with the suffix (3), and so on, we may ope- 
rate on their product with the product of any number of sym- 
bols 122, 234, 317, 142, &c. ; where, as before, 23 is an abbreviation 
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for Waka iaadaye &c. After the differentiation we suppress 


the suffixes, and we thus get a covariant of the given system of 
quantics, which will be an invariant if it happens that no power 
of x and y appear after differentiation. Any number of the 
quantics U, V, W, &c., may be identical; and in the case with 
which we shall be most frequently concerned, viz., where we 
wish to form derivatives of a single quantic, the subject operated 
on is U,U,U; &c., where U, and U, only differ by having the 
variables written with different suffixes. 

It is evident that in this method the degree of the derivative 
in the coefficients will be always equal to the number of differ- 
ent figures in the symbol for the derivative. For ifall the func- 
tions were distinct, the derivative would evidently contain a 
coefficient from every one of the quantics U, V, W, &c.; and it 
will be still true, when U, V, W are supposed identical, that the 
degree in the coefficients is equal to the number of factors in 
the product U,U,U; &c. which we operate on. Thus, the deriva- 
tives considered in the last Article being all of the form 12? are 
all of the second degree in the coefiicients. 

Again, if it were required to find the degree of the deriva- 
tive in and y. Suppose, in the first place, that the quantics 
were distinct, U being of the degree n, V of the degree n', W of 
the degree n’, and so on; and suppose that in the operating 
symbol the figure 1 occurs a times; 2, (3 times; and so on; 
then, since Uis differentiated a times; V, (3 times, &c., the result 
is of the degree (n — a) + (n' — 3) + (n" - y) + &c. When the 
quantics are identical, if there are p factors in the product 
U,U,.... U, which we operate on, the degree of the result in 
wand y will be mp - (a+ P+ +y+ &.). While again, if there 
ber factors such as 12 in the operating symbol, it is obvious that 
a+P+y+ &.=2r. It is clear that if we wish to obtain an 
invariant, we must have a = 3 = y =n. 


110. To illustrate the above principles, we make an exami- 
nation of all possible invariants of the third degree in the coeffi- 
cients. Since the symbol for these can only contain three figures 
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its most general form is 12*,23°,317; while, in order that it 
should yield an invariant, we must have 


aty=a+BP=Pt+y=n%, 


whencea = S=y. The general form, then, that we have to exa- 
mine is (12.23.31)*. Again, if a be odd, this derivative 
vanishes identically ; for, as in Art. 108, by interchanging the 
figures 1 and 2, we have (12.23.31)" = (21.13.32)*; but 
these have opposite signs. It follows, then, that all invariants 
of the third order are included in the formula (12.23.31), 
where a is even. Thus, 12?.23.31? is an invariant of a quar- 
tic, since the differentials rise to the fourth degree} 124.234.3114 
is an invariant of an octavic; 12°.23°.31%ofa quantic of thetwelfth 
degree, and so on; only quantics whose degree is of the form 
4m having invariants of the third order in the coefficients. If 
we wish actually to calculate one of these, suppose 12?.23?.31’, 
I write, for brevity, 1, m, &c., instead of os ety &e. Then 
lx, dy, 


we have actually to multiply out 


(E12 > Eom)” (Eons = Esn2)? (Esm ee Ens)”. 

d‘:U 
dx4 
or, when we operate on a quartic, by a, the coefficient of z*. There 
are many ways which a little practice suggests for abridging the 
work of this expansion, but we do not think it worth while to give 
up the space necessary to explain them ; and we merely give the 
results of the expansion of the three invariants just referred to, 
12?.232.31? yields the invariant of a quartic already obtained 
(Arts. 86 and 102), viz. :— 





In the result we omit all the suffixes, and replace & by Cs 5 


AsgAeAy + 2a,A,a, — aya,” — aa; — a,’. 
12‘,23*.31! gives 
As(Aya) — 4430, + 3a,a2) + a,(— 445d) + 12aya, - Baza.) + a,(3a,a, 
Ee 8a;Q, i 22a,a, + 24303) 31 a; (24a,a, a 36a4a3) 1 15a .a 04 


And 12°, 23°. 31° gives 
M 
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Ay, (Agdo — Gaza, + 15a, - 10a,a;) + ay (- 6a,a, + 30a,a, 
— 54a,a, + 30asa3) + Ay (1Sagay — 54a,a, + 24a,a, + 150a;a, 
~ 135 aya) + Ag (—10 aga) + 30aga, + 150a,a2 - 4300.43 + 270a;a,) 
+ As(— 135asa, + 270a,a3 + 495a,a, — 540a,a5) + a, (- 5400, 
+ 720a,a;) — 280a,aa¢. 


111. Though the above-mentioned is the only type of inva- 
riants of the third order, there is an unlimited number of cova- 
riants, the simplest being 12?.13, which, when expanded, is 


@U @UdU aa dU du a a) 








dx* dy? dy da?dy 
i EU EUAU. @U aAU\, @BUPUAU 
dady’?\ dx? dy dedy dx} dy da? dax° 


ie ae ae! Gener eas Be 


When this is applied to a cubic, it gives the evectant obtained 
already, page 62. 

The general type of invariants of the fourth order in the co- 
efficients is (12.34)*(13.24)°(14.23)7. . Thus the diserimi- 
nant of a cubic is expressed in this notation (12.34)? (13.24); 
but we cannot afford space to enter into greater details on this — 
subject. 


112. The principles just laid down afford an easy proof of a 
remarkable theorem first demonstrated by M. Hermite, and to 
which we shall refer as ‘‘ Hermite’s Law of Reciprocity.” The 
number of invariants of the n'* degree in the coefficients possessed 
by a binary quantic of the p' degree is equal to the number of in- 
variants of the degree p in the coefficients possessed by a quantic 
of the n't degree. We have already proved that if any symbol 
127.23? .34¢ &c. denotes an invariant of the order p of a quanti¢ 
of the degree n; then the number of different figures 1, 2, 3, &c., 
is p, and each figure occurs 2 times. But we might calculate by 
the method of Art. 75 an invariant 3 (a — 3)*(3 — y)’(y—- 8)° &e., 
where we replace each symbol 34 by the difference of two roots 
(y — 6). This latter is an invariant of a quantic of the p” de- 
gree, since there are by hypothesis p roots; and it is of the de- 
gree m in the coefiicients of the equation; for it can be easily 
proved that the degree in the coefficients of any symmetrical 
function of the roots is equal to the highest power in which any 
root enters into the expression for the function. 


~ 
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Thus, for example, a quadratic has but the single indepen- 
dent invariant (a — (3)*, though of course every power of this is 
also an invariant; and the general type of such invariants is 
(a —- 9). Hence, only quantics of even degree have invariants 
of the second order in the coefficients, and the general symbol 
for such invariants is 12°. 

So again, cubics have no invariant except the discriminant 
(a — B)?(B - y)*(y - a)? and its powers; and the discriminant 
is of the fourth order in the coefficients. Hence only quantics of 
the degree 4m have cubic invariants whose general type is 
12°",232".31". It will be proved that quartics have two in- 
dependent invariants, one of the second, and one of the third 
degree, in the coefficients; and, of course, any power of one multi- 
plied by any power of the other is an invariant. Hence, quartics 
have as many invariants of the p™ order as the equation 
22+ 3y = p admits of integer solutions: this is, therefore, the 
number of invariants of the fourth order which a quantic of the 
p™ degree can possess. 


113. Hermite has proved that his theorem applies also to 
covariants of any given degree in x and y; that is to say, that 
an n© possesses as many such covariants of the p‘ order in the 
coefficients as a p has of the n“ order in the coefficients. For, 
consider any symbol, 12,23".34” &c., where there are p figures, 
and the figure 1 occurs a times, 2 occurs } times, and soon; then 
we have proved that the degree of this covariant in # and y is 
(n-a)+(n-b)+&c. But we may form the symmetric func- 
apa 


= (a - 8)*(B - vy)" (y - 0) @ - a" (@ - BY &e., 


which has been proved (Art. 75) to be a covariant of the quan- 
tic of the p” degree, whose roots are a, 3, &c. Every root enters 
into its expression in the degree n, which is therefore the degree 
of the covariant in the coefficients, and it obviously contains 
and yin the same degree as before, viz. (n - a) + (n— b) + &e. 
Thus, for example, the only covariants which a quadratic has, 
are some power of the quantic itself multiplied by some power 
of its discriminant, the general type of which is 
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(a — 8)? (# — a) (a ~ 3), 
the order of which in the coefficients is 2p+ g, and in 2 and y is 
2q. Hence we infer that every quantic of the degree 2p + q 
has a covariant of the second degree in the coefficients, and of the 
degree 2q¢ in « and y, the general symbol for such covariants 
being 127”. When gq = 1, we obtain the theorem given (Art. 83), 
that every quantic of odd degree has a quadratic covariant. 


114. This hyperdeterminant notation affords a complete cal- 
culus, by means of which invariants or covariants can be trans- 
formed, and the identity of different expressions ascertained. 
Postponing to a subsequent Lesson the explanation of this, we 
go on to show how the same notation is to be applied to express 
derivatives of quantics in three or more variables. If x,y,2,, 
LY 229 L3Yz23, be cogredient sets of variables, then, by the rule 
for multiplication of determinants, the determinant 


Ly (Y223 a Y22) + W, (Y321 -- Zs) + Hs (yi22 — Y22;) 


is an invariant, which by transformation, becomes a similar func- 
tion multiplied by the modulus of transformation. And if in 


: d d ‘ 
the above we write for 2,, —; for y,, ——; and 80 on, we obtain 
dx, dy» 


an invariantive symbol of operation, which we shall write 123, 
When, then, we wish to obtain invariants or covariants of 
any function U, we have only to operate on the product 
U,U,U,...U, with the product of any number of symbols 
123° 124° 2357 &e., and after differentiation suppress all the suf- 
fixes. Thus, for example, let U,, U,, U; be ternary quadrics, 
and let the coefficients in U, be a, 6, c, 2d, 2e, 2f, as at p. 43, 
then 123? expanded is 


a(Bc" + Bc’) + a (B'c + be’) + a’ (be + Be) + AWd(ef” + ef’) 
+ 2d’ (e"f + ef") + 2d" (ef’ + ef) - a(d' + d’)?-a(d' + dy 
—a"(d + d’)?- 6(e' + e’)?-B(e" + ce)? - b’ (e+e)? -c( fs f'y 
SR GOR pi phe le UR ae 


which, when we suppose the three quantics U,, U,, U3, to be 
identical, or a = a =a’ &e. reduces to 
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abc + 2def — ad® — be? — cf?. 
‘ A aU 
If in the above we replace a, the coefficient of «?, by pre &e. we 


get the expansion of 123? as applied to any curve. This covari- 
ant is called the Hessian of the curve. 

It is seen, as at Art. 108, that odd powers of the symbol 123 
vanish when it is applied to a single curve. We give as a fur- 
ther example the expansion of 123‘ applied to the quartic, 


ax’ + by + cz* + 4(a,%°y + a,a°z + by z + dysa + c,234 + C,25y) 
+ 6 (dy?z? + ez*a? + fu?y”) + l2ayz (la + my + nz). 


Then 123 is 


abe ~ 4(ab,c, + bejas + ca,b,) + 3 (ad? + be? + cf*) + 4 (a,b,c, 
+ a3b,\c,) - 12 (and + asymd + byne + 6b,le + emf + cff) 
+ 12 (lb,\c, + me,a, + na;b;) + 12(dP? + em? + fn?) + 6def 
— 12/mn. 


115. We can express in the same manner functions contain- 

ing contragredient variables; for if a, 3, y be any variables con- 
d a 

tracredient to x z, and therefore cogredient with — 

eredien Tate. i a ay 7s? 


it follows, as before, that the determinant 


dd dd + dad ad ) : r( de eee 
“\dy,dz, dy, dz, dz, dx, dz, da, da, dy, da,dy, 
(which we shall denote by the abbreviation al2) is an invarian- 


tive symbol of operation. Thus, if U,, U, be two different qua- 
drics, al2? expanded is 


a? (Be" ud b’e’ oF 2d'd’) re (3 (c'a " Wi cad’ BE Qe'e ry ans y 2(a'b" Ks ab’ 
a - ff) + 2By (ef" + ef! - dd’ - a’d’) + 2ya(f'd' + f'd 
b e' — be’) es 2af3 (de 'e ”) + de ie ef ‘<= Cs); 


which, when the two quadrics are identical, becomes the equation 
of the polar reciprocal of the quadric, as at p. 65. 

Tn like manner, the curve contr ites to a quartic, which I 
have called S (“ Higher Plane Curves,” p. 101), may be written 
symbolically a12', ad the curve 7’ in the same place may be 


* 
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written a12° a23? a31*. In any of these we have only to replace 
d” : 
the coefficient of any power of 2, 2” by — qn '0 obtain a symbol 


which will yield a mixed concomitant when applied to a quantic 
of higher dimensions. Thus al2? is 


PU PU _ eu. iis 
ve a dz \dydz oe 





which, when applied to a quadric, is a contravariant, but, when 
applied to a quantic of higher order, contains both a, y, 2, as well 
as the contragredient a, 3, y, and, therefore, is a mixed concomi- 
tant. 

In general, if we have the symbolical expression for any in- 
variant of a binary quantic, we have only to prefix a contravari- 
ant symbol a to every term, when we shall have a contravariant 
of a ternary quantic of the same order. And in particular it 
can be proved that if we take the symbolical expression for the 
discriminant of a binary quantic, and prefix in this manner a con- 
travariant symbol to each term, we shall have the expression for 
the polar reciprocal of a ternary quantic. 

Thus, the symbol for the discriminant of a binary cubic jg 
12?.34?.13-24, and the polar reciprocal of a ternary cubic is 
al2?.a34?.a13.a24, which is obviously of the sixth order in 
the variables a, 9, y, and of the fourth in the coefficients. 


: : : d’a.aa 
116. If in any contravariant .we substitute da dynes for 
a, 3, y, and operate on U, we get a covariant (Art. 94); and the 
symbol for this covariant is got from that for the contravariant 
by writing a new figure instead of a. Thus from a23? is got 
123%, from a23.a24, is got 123.124 &. Conversely, if in the 
symbol for any invariant we replace any figure by a contravari- 


ant symbol a, we get the evectant of that invariant. Thus, if 





123.124.234.314 
be an invariant of a cubic, the evectant of that invariant is 


123.a12.a23.a31. 
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In the case of a binary quantic, this rule assumes a simpler 
form ; for if we substitute a contravariant symbol for 1 in 12, 
: : Sur d : 
it becomes, when written at full length, € ae He but since & 
and » are cogredient with - y and w, this may be written 

d “Silas 
ie = +y a and may be suppressed altogether, since it only affects 
the result with a numerical multiplier. Hence, given the symbol 
for any invariant of a binary quantic, its evectant is got by omit- 
ting all the factors which contain any one figure. ‘Thus, 


12?,347.13.24 


being the discriminant of a cubic, its evectant, got by omitting 
the factors which contain 4, is 12?.13. 

| : : dU aU aU 

If in a contrayariant of any quantic we substitute Sala — 

for a, B, y, we also get a covariant, and the symbol for it is ob- 

tained from that for the contravariant by writing a different new 


figure in place of every a. Thus, from a34? we get 134.234; 
and so on. 


LESSON XII. 


CANONICAL FORMS. 


117. Sincz invariants and covariants retain their relations 
to each other, no matter how the quantic is linearly transformed, 
it is plain that when we wish to study these relations it is suffi- 
cient to do so by discussing the quantic in the simplest form to 
which it is possible to reduce it. This is only extending to 
quantics in general what the reader is familiar with in the case 
of ternary and quaternary quantics; since, when we wish to 
study the properties of a curve or surface, every geometer is 
familiar with the advantage of choosing such axes as shall re- 
duce the equation of this curve or surface to its simplest form. 
The simplest form, then, to which a quantic can, without loss of 


*. ee a 
ce 
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generality, be reduced is called the canonical form of the quan- 
tic. We can, by merely counting the constants, ascertain whe- 
ther any proposed simple form is sufficiently general to be taken 
as the canonical form of a quantic, for if the proposed form does 
not, either explicitly or implicitly, contain as many constants as 
the given quantic in its most general form, it will not be possi- 
ble always to reduce the general to the proposed form. Thus, 
we have proved (Art. 82) the possibility of reducing a binary 
cubic to the form X? + Y*; and we might have seen this, a prior, 
from the consideration that the latter form, being equivalent to 


(le + my)? + (la + m’y)® contains implicitly four constants, and 


therefore is as general as (a, b, c, da, y)’. So, in like manner, 
a ternary cubic in its most general form contains ten constants ; 
but the form X?+ Y?+ Z?+6MX YZ, contains also ten constants, 
since, in addition to the m which appears explicitly X, Y, Z, im- 
plicitly involve three constants each. This latter, then, may be 
taken as the canonical form of a ternary cubic, and, in fact, the 
most important advances that have been recently made in the 
theory of curves of the third degree are owing to the use of the 
equation in this simple and manageable form. 


118. The quadratic function (a, b, efx, y)? can be reduced in 
an infinity of ways to the form 2* + y’, since the latter form im- 
plicitly contains four constants, and the former only three. In 
like manner the ternary quadric which contains six constants can 
be reduced in an infinity of ways to the form 2? + y? + 2?, since 
this last contains implicitly nine constants; and in general a 
quadratic form in any number of variables can be reduced in an 
infinity of ways to a sum of squares. It is worth observing, 
however, that though a quadratic form can be reduced in an in- 


finity of ways to a sum of squares, yet the number of positive © 
and negative squares in this sum _is fixed. Thus, if a binary 


quadric can be reduced to the form 2? + y, it cannot also be re- 
duced to the form wu? - v*, since we cannot have a? + y? identical 
with wu? — v’, the factors on the one side of the identity being 
imaginary, and those on the other being real. In like manner, 
for ternary quadrics we cannot have a? + y? — 2? =u? +0? + w?, 
since we should thus have a2? + y? = 2? + u? + v? + w?, or, in other 
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words 
a? + y= 2? + (le+myt+nz)?+ (e+ my + nz)? + (l'x+m'y+n'z), 


and if we made 2 and y = 0, one side of the flentity would va- 
nish, and the other would reduce itself to the sum of four posi- 
tive squares which could not be = 0. And the same argument 
applies in general. 


119. We have shown (Art. 82) how to reduce a cubic to the 
sum of two cubes; and we shall now show, in general, that any 


binary quantic of odd degree (2n-—1) can be reduced to the 
sum of m powers of the (2n —1)* degree, a theorem due* to 


Mr. Sylvester.* For the number of constants in any binary 
quantic is always one more than its degree, or, in the present 
case, 27 ; and we have the same number of constants if we take n | 
terms of the form (lz + my)?"". The actual transformation is 
performed by a method which is the generalization of that em- 
ployed (Art. 82). For simplicity, we only apply it to the fifth 
degree, but the method is general. ‘The problem then is to de- 


termine w, v, w, so that (a, b, c, d, e, f fa, y)’ may =u? + v° + w', 


Now we say that if we form the determinant 


ax + by, 6a+cy, cx + dy 
be +cy, cu+dy, dx + ey 
cu + dy, du+ey, ex+fy 


the three factors of this cubic will be u, v, w. For let 
u=la+my,v=lx+ my, w =l'x + my; 
then, differentiating the identity 
(a, b,c, d, e, f fr, yy) = uw + v8 + w’, 


four times successively with regard to 2, and dividing by 120, 
we get 





* It is to be observed that a quantic cannot always be reduced to its canonical 
form. The impossibility of the reduction indicates some singularity in the form of 
the quantic. Thus, if a cubic has a square factor, it cannot be reduced to the form 
‘#3 + y°, and its simplest form is 2?y. 

N 
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ax + by = lu + Iv + Tw. 


Similarly differentiating three times with regard to w, and 
once with regard to y, 


bz + cy = Emu + m'v + [?m"w ; 
and so on. 
The determinant, then, written above may be put into the 


form 

lu + Iv + Uw, Bmu + [3m'v+(2m"w, Pmut l?mv+ [mw 
Bmut+lm'v + 0°%m"'w, Pmutl?m?y +1 mw, iru + Um?v + U'm™w 
Pm?utl?m?y+l'2m'?w, lmiu + l'm’v + U'm'?w, miu+ mv + mw. 


Now it will be observed that the coefficients of u in every 
column are proportional to 7’, lm, m?. Consequently, if we re- 
solved this determinant, asin Art. 17, into partial determinants, 
every such determinant which contained two of the u columns 
would vanish as having two columns the same. And s0, in like 
manner, would any which contained two v or two w columns. 
The determinant then will be ww multipled by a numerical 
factor.* 

When, then, the determinant written in the beginning of 
this Article has been found, by solving a cubic equation, to be 
the product of the factors (x + Ay) (x + wy) (w + vy), we know 
that u, v, w, can only differ from these by numerical coefiicients, 
and we may put 


(a, b, c, d, e, fia, y)’=A(a+ ry) + B(x + py)’ + C(x + vy); 


and then A, B, Care got from solving any of the systems of 
simple equations got by equating three coefficients on both sides 
of the above identity. 

The determinant used in this Article is a covariant, which is 
called the canonizant of the given quantic. 


120. ‘The canonizant may be written in another, and perhaps 
simpler form, namely, 


* Viz. (im — U'm)2(U'm" — I'm’)? (U'm — inl")? 
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Siti cy id 


This last is the form in which we should have been led to it if 
we had followed the course that naturally presented itself, and 
sought direetly to determine the six quantities, A, B, C, r, uw, v, 
by solving the six equations got on comparison of coefficients of 
the identity last written in Art. 119. For the development of 
the solution in this form, to which we cannot afford the neces- 
sary space here, we refer to Mr. Sylvester’s Paper (‘ Philoso- 
phical Magazine,” November, 1851). Meanwhile, the identity of 
the determinant in this Article with that in the last has been 
shown by Mr. Cayley as follows. We have, by multiplication 
of determinants (Art. 17), 


Y, — Yk, ye’, - a | 1, 0, 0, 0 
mae de Cs Ze UsUs U0 
Ge. C. cd.” ve is Wak ae a, 
1 AIRY RIA A ae O,.0; roy 


y, 0 Fee Ue isytt 0 

0, ax+ by, bx + cy, cx + dy 
0, ba + cy, cx+ dy, dxt+ey 
0, cv + dy, dx+ey, ex+ fy 


which, dividing both sides of the eanstis by ¥°, gives the iden- 
tity required. 


121. We have still to mention another way of forming the - 
canonizant. Let this sought covariant be (A, B, C, D{a, y)° 
where we want to determine A, B, C, D; then (Art. 76) 


3 
(aso, C, Dy - s will also yield a covariant. But if this 


operation is applied to (# + Ay)" where w + Ay is a factor in 
(A, B, C, D\«, y), the result must vanish since. one of the 


factors in the operating symbol} is i r Te Since, then, the 
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given quantic is by hypothesis the sum of three terms of the 
form (x + Ay)’, the result of applying to the given quantic the 
operating symbol just written must vanish. Thus, then, we 
have 


A(d, e, f\x, y) - Ble, a, ea, y)? + C(b, ¢, dfx, y) 
: —- D(a, b, cha, y)? = 0, 


or, equating separately to 0 the coefficients of x*, ay, y?, we 
have 

Ad - Be+ Cbh- Da=9 

Ae - Bd+ Ce- Db=0 

Af- Be + Cd- De=90 


whence ( Art. 24) A is proportional to the determinant got by 
Qp,ac 

suppressing the column A or | 6, ¢, d |and so for B, C, D, which _ 
c, d, e 

values give for the canonizant the form stated in the last Article. 


122. We proceed now to quantics of even degree (27). 
Since this quantic contains 2n + 1 terms, if we equate it to a sum 
of n powers of the degree 2n, we have one equation more to sa- 
tisfy than we have constants at our disposal. On the other 
hand, if we add another 2n' power, we have one constant too 
many, and the quantic can be reduced to this form in an infinity 
of ways. It is easy, however, to determine the condition that 
the given quantic should be reducible to the sum of n, 2n™ 
powers. ‘Thus, for example, the conditions that a quartic 
should be reducible. to the sum of two fourth powers, and that 
a sextic should be reducible to the sum of three sixth powers, 
are respectively the determinants, 


G@, Oy C | | 

| Ds C) 8s ae 
. : eA OO | ¥ 
Me | | Geafg | 


and soon. or in the case of the quartic the constituents of 
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the determinant are the several fourth differentials of the quan- 
tic, and, expressing these in terms of w and v precisely as in Art. 
119, it is easy to see that the determinant must vanish, when 
the quartic can be reduced to the form wu‘ + v*. Similarly for 
the rest. This determinant expanded in the case of the quartic 
is the invariant already noticed (see Art. 86), 


ace + 2bcd — ad? — eb? ~ c?. 


123. When this condition is not fulfilled, the quantic is re- 
duced to the sum of 2 powers, together with an additional term. 
Thus, the canonical form for a quartic is ut + vt + 6Aw?v?. We 
shall commence with the reduction of the general quartic to its 
canonical form; the method which we shall use is not the easiest 
for this case, but is that which shows most readily how the re- 
duction is to be effected in general. Let the product, then, of 
u, v, which we seek to determine, be (A, B, Ca, y)?, and let us 


operate with (A, B, CX i »- =) on both sides of the identity. 


(a, b, c, d, eax, y)t = us + vt + 6AUure?. 

Now, as before, this operation performed on w‘ and on 2 will 
vanish, and when performed on 6Au?v, it will be found to give 
12\’uv where \’ = 2(4AC - B*)\. + Equating then the coeffici- 
ents of z*, vy, and y? on both sides after performing the operation, 
we get the three equations 


Ac-—-2Bb+ Ca=NA 
Ad -2Bc+ Cbh=NB 
Ae-2Bd+Cc=NC 


whence eliminating A, B, C, we have to determine 2’, the deter- 
minant 

a, b, c— HN 

b, c+in,d = 0, 

c-N,d, e 

which expanded is the cubic 


\ -— X'(ae — 4bd + 3c?) - 2 (ace + 2bed — ad? - eb? - c*) = 0,* 


* N, B—The discriminant of this cubic is the same as that of the quartic. 
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the coefficients of which are invariants. ‘Thus, then, we have a 
striking difference in the reduction of binary quantics to their 
canonical form, between the cases where the degree is odd and 
where it is even. In the former case, the reduction is unique, 
and the system w, v, w, &c. can be determined in but one way. 
When uw is of even degree, however, more systems than one can 
be found to solve the problem. Thus, in the present instance, 
a quartic can be reduced in three ways to the canonical form, 
and if we take for X’ any of the roots of the above cubic, its value 
substituted in the preceding system of equations enables us to 
determine A, B, C. 


124. If now we proceed to the investigation of the reduction 
of the quantic (a, ai, a2... -{a, y), the most natural canonical 
form to assume would be wu?” + v" + w*® + &e. + Aw’v*w? Ke., 
there being z quantities u, v, w, &c. But the actual reduction 
to this form is attended with difficulties which have not been 
overcome, except for the casesu=2andu=4. But the me- 
thod used in the last Article can be applied if we take for the 
canonical form wu?" + v”" + &e. + AVuvw &e., where, if 


wow &e. = (Ao, Ai,'Ag =. +2 hts YW) 
V is a covariant of this latter function such that when Vuvw &ce. 


d d \n ; 
is operated on by (Ay, Ai. . Sr - =) , the result is propor- 


tional to the product www &c. Suppose for the moment that 
we had found a function V to fulfil this condition, then, proceed- 
ing exactly as in the last Article, and operating with the differ- 
ential symbol last written on the identity got by equating the 
quantic to its canonical form, we get the system of equations 


md 
A Qn — NA Ans <n ie Alin > = &e. = AA, 
A oan-1 ae nA An et Be ALaen a &e. = AA, 


n(n — 1) 
lia 





A pQn-2 — NA;Qn1 + A,a, — &. = AA, &C.5 
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whence, eliminating A,, A,, A,, &c., we get the determinant 





An 0 r; Anis QAn+29 stk Set & +, 6) 04 e Je Qon 
An-195 An a 7M An+19 wfie Te ae? spe 9 408 Qen-1 
Liea 
Qn-29 An-19 an — A; + Aen-2 
n(n—1) 
re ars rape eee cei Ps 


and having found A by equating to 0 this determinant expanded 
(a remarkable equation, all the coefficients of which will be 
invariants), the equations last written enable us to determine the 
values of A,, Ai, &c., corresponding to any of the x + 1 values 


of X. 


125. To apply this to the case of the sextic, the canonical 
form here is w* + v® + w*® + Vuvw, where, if ww be 


(Ais aia y A,{ 2, Jie 


V is the evectant of the discriminant of this last quantic, and 
whose value is written at full length (Ex. p. 62). Now it will 
afford an excellent example of the use of canonical forms if we 
show that in any cubic the result of the operation 


d d 
(a, Qi, Ary aay 7 =) 


performed on the product of the cubic and the evectant just 
mentioned, will be proportional to the cubic itself. For it is 
sufficient to prove this, for the case when the cubic is reduced to 


* The determinant above written may be otherwise obtained as follows. Let 
x, y' be cogredient to #, y, and let us form the function 


SE Nn ; F 
(wey =| U +d (ay! — ya’), 


which (Arts. 79, 87), we have proved to be linearly transformed into a function of 
similar form. Take the + 1 coefficients of the several powers 2”, wy, &., and 
from these eliminate linearly the x + 1 quantities 2”, xv’! &c., and we obtain the 
determinant in question. 
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the canonical form 2° + y?, in which case the evectant will be 
2° — y® as appears at once by putting d = c= 0, anda=d=1 in 
the value given p. 62. The product, then, of cubic and evec- 
tant will be a* — y°, which, if operated on by om - a gives a 
result manifestly proportional to a? + y3. And the theorem now 
proved being independent of linear transformation, if true for 
any form of the cubic, is true in general. The canonical form, 
then, being assumed as above, we proceed exactly as in the last 


Article, and we solve for \ from the equation 


| Qos Ay a2, a;—X 

| Ay Ary a3 + 4), a4 ie 

| Ary a3 — 2), Qty as rete 
dy + Ay Ay Ass As 


which, when expanded, will be found to contain only even 
powers.of \. If we suppose wew reduced as above to its canoni- 
cal form 2 + y’, the three factors of which are 


L+Y, B+ wy, &+ wy, 


where w is a cube root of unity, then it is evident from the 
above that the corresponding canonical form for the sextic is 


A(a+y)®+ B(x + wy)’ + C(a + wy)? + D(2® - 9). 


It can be proved (see next Lesson) that if wu, v, w be the factors 
of the cubic, then the factors of the evectant used above are 
u“—v,v—w,w-—u, so that the canonical form of the sextic 
may also be written 


‘ws + v° + we + uvw (u — v) (v — w) (w - u). 


126. In the case of the octavic the canonical form is 
ue + v8 + we + 28 + Auv*w*2?*, 


for if we operate on u?v?w*z? with a symbol formed according to 
the same method as in the preceding Articles, the result will be 
proportional to uvwwz. We reserve the proof of this as an exer- 
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cise in the Hyperdeterminant Calculus in a subsequent Lesson. 
The canonical forms for higher binary quantics have not been 
formed. 

The canonical form for a ternary cubic is, as we have already 
stated, 2° + y° + 29+ 6mayz, and for a quaternary cubic, as 
Mr. Sylvester has pointed out, # + y® + 22+ +0% Higher 
canonical forms have not been determined. . 


LESSON XIII. 


APPLICATIONS TO BINARY QUANTICS. 


127. Havine now explained the most essential parts of the 
general theory, we wish to give some additional details as to the 
forms of invariants and covariants which most frequently occur 
‘in practice. We shall give the applications of the theory to 
binary quantics in this, and to ternary in the next Lesson. 

To commence with the single quadratic form (a, b, c{a, y)?, 
it has got but one independent invariant, viz., the discriminant 
(ac— 6°). Any other invariant must be a power of this, 
(ac—b*)". We have already showed (Art. 112) that it follows 
by Hermite’s Law of Reciprocity that only quantics of even de- 
gree can have quadratic invariants whose symbol is 12°". If we 
make y = 1 in the quantic, it may be taken to represent geome- 
trically a system of two points on the axes of a, and the vanish- 
ing of the discriminant expresses the condition that these points 
should coincide. 


128. We proceed next to a system of two quadrics 
(a, b, ca, y)*, (a, 6, cha, y)*, 
and we have seen that they have the invariant 12? or ac! + ac — 2bb'. 
When each quantic is taken to represent a pair of points as in 
the last Article, then the invariant just written expresses the 
condition (see ‘ Conics,” p. 287) that the four points should 


form a harmonic system, the two points represented by the same 
o 
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quantic being conjugate to each other. We have also proved 
(see “ Conics,” p. 288) that the covariant 12 (or the Jacobian 
of the system of quadrics) represents geometrically the foci of 
the system in involution determined by the four points. 

We have proved (p. 20) that the eliminant of the system 
of two quadrics is 


(ac’ — ca’)? + 4 (ba — Da) (be - We), 
but the same eliminant can be also represented in a form due to 
Dr. Boole, which has all its factors invariants, viz. 
(ac + cad — 2bb')? = 4 (ae — b*) (a’c' — b”), 

We might have obtained the result in this form as follows:— 
Take the quantic (a, 6, e{a, y)? + A(a’, U, ¢Ya, y)* and form its 
discriminant, viz. (a + Aa’)(e +A¢) - (6 + AW’). + Arranging 
this latter quantity according to the powers of A, and forming its 
discriminant, we get, in the form above written, an invariant of 
the system of quantics which is in this case their eliminant. The 
method, however, is not applicable to finding the eliminant of 
any two quantics. Ifwe form the discriminant of 

az” + &e. + A (ax" + &e.), 


and then form the discriminant of this again with respect to A, 
we get an invariant of the two quantics, which will indeed con- 
tain their eliminant as a factor, but which, except when n = 2, 
will be of much higher degree, and will, therefore, have other 
factors besides. 


129. We come next to the concomitants of the cubic 
(45°b, C, 2h asay)s 
It has but one invariant, viz., the discriminant 
ad? + 4ac + 4db? — 30°c? — 6abed. 
The Hessian 12? is 
(ac — B°)x? + (ad — be) xy + (bd - c*)y’, 


which has the same discriminant as the cubic itself, see Art. 85. 
if the roots of the cubic be a, fs, ‘y, then the Hessian is 
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= (a - a)? (3 - y)? (see Art. 75). The cubic covariant 127.13, 
or the evectant of the discriminant, is (see p. 62), 


(a°d + 20° — 3abe) x? + 3 (e+ abd — 2ac*) x*y 
+ 3(20'd — bc? — acd)ay? + (3bed — ad* — 2c*)y?. 


This cubic may be geometrically represented as follows :—If we 
take the three points represented by the cubic itself, and take 
the fourth harmonic of each with respect to the other two, we 
get three new points which will be the geometrical representa- 
tion of the covariant in question. This theorem is suggested 
by its being evident on inspection that if the given cubic take 
the form xy (a + y), then a - y will be a factor in the covariant, 
as appears by making a =d=0, b=c=1 inits equation. But 
“2+y,%-y are harmonic conjugates with respect to a and y. 
And harmonic relations (see ‘‘ Higher Plane Curves,” p. 226) 
are unaltered by linear transformation, so that if they have been 
proved to exist in one case, they exist in general. This leads 
us to the expression for the factors of the covariant in terms 
of the roots of the given cubic: for if dé be the distance from 
the origin of the point conjugate to a with respect to 6 and y ; 





4 . ° 1 1 
solving for 6 from the equation rs 5 = ——, + —— we get 
a— O (ft Bae iG) a-y 
6 = een 207 whence the covariant must be 
2a-P-y¥ 


{(2a - B — y)a + (2By — aB - ay)y} ((28-a-y)a 
+ (2ya - By - Ba)y} {((2y - a — B)& + (2a — ya - yy}, 


as may be verified by actual multiplication and substitution in 
terms of the coefficients of the equation. 


130. When we wish to establish any relation between the 
preceding covariants andinvariants, we use the canonical forms, 
which are, for U = az® + dy’, the discriminant D = a’d?; the 
Hessian H = adxy; and the cubicovariant, J = ad (ax - dy). 
Thus we can prove that the discriminant of J is the cube of the 
discriminant of U, for the discriminant of J in its canonical form 
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is a’d’. Again, we can easily prove in the same way a relation 
due to Mr. Cayley, viz., 


J? — DU =—- 4H. 


Mr. Cayley has used this equation to solve the cubic JU, or, 
in other words, to resolve it into its linear factors. For since 
J? — DU? is a perfect cube, we are led to infer that the factors 
J + Uy D will also be perfect cubes, and in fact, the canoni- 
cal form shows that they are 2a*da* and 2ad’y?. Now since 
xa + yd’ is one of the factors of the canonical form, it immedi- 
ately follows that the factor in general is proportional to 


(Uy D+J)i+ (UV D- J), 


a linear function which evidently vanishes on the supposition 
U = 0. 


Ex. Let us take the same example as at p. 59, viz.. U= 423 + 9a? + 18% 4 17, 
Here we have D = 1600, J = 110z3 — 902?y — 630xzy? — 670y3, whence 


U + IVD =10(38¢+ yy; U- IVD = 50 (a + 3y)3, 
and the factors are 82 + y + (a + 8y)8/5, 


131. We come next to the quartic, which, as we have seen 
(Arts. 77, 86), has the two invariants | 


S = ae — 4bd + 3c? and 7'= ace + 2bed — ad? — eb? — &. 


The canonical form is 2 + 6ma’*y? + y‘, and for this form these 
invariants are S = 1 + 3m’, T’= m — m’. 

These invariants, expressed as symmetric functions of the 
roots, are 


S= B(a-P)'(y- 8) = B(a- By - (a - 7) (B - 8), 
or, more conveniently, 
= ((a- P)(y - 8) — (a- vy) - Bia - (8 - B) 

— (a - 8) (6 — y)} ((a — &)(B — y) - (a- B) (y - 8)}. 


In the latter form it is easy to see that 7’= 0 is the condition 
that the four points represented by the quartic should form a 
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harmonic system (‘‘ Higher Plane Curves,” p. 192). If d/ be 
the modulus of transformation, it follows from general principles 
that in transformation S becomes J/*S' and 7 becomes M*7’: 
hence the ratio S*: Z” is absolutely unaltered by transformation. 
Every other invariant can be expressed as a rational function of 
these two.* ‘Thus, for instance, the discriminant is easily ex- 
pressed in terms of S and 7’ by the help of the canonical form; 
for, treating the latter like a quadratic, its discriminant is 
(1 - 9m*)? which = S* - 277°. 


132. This relation between the invariants of a quartic may 
be used to prove the relation between the covariants of a cubic 
given (Art. 130), for if we take a cubic and multiply by 
ay’ — yz’, the coefficients of the quartic so formed will be 


ay’, £(3by/ — ax!), $(ay — ba’), E(dy ~ Bex’), - de’ 


and the invariants of this quartic will be covariants of the cubic 
The discriminant is proportional to U*D (see Art. 67), the in- 
variant S= 2H, 7'= J, whence we derive the relation be- 
tween these covariants already given. 


133. The Hessian of the quartic is 


(ac — B°)x* + 2(ad — be)x*y + (ae + 2bd — 3c?) ay’ 
+ 2 (be - cd)ay> + (ce - d*)y’, 


which, for the canonical form, is m(x* + y*) + (1 — 3m?)2*y’. 

It has been already remarked (p. 60) that when the quartic 
is resolvable into two square factors, the coefficients of the 
Hessian are proportional to those of the quartic. 

The reduction of the quartic to its canonical form is easily 
effected by the values given for S and 7; for since S = 1 + 3m’, 
T =m —m*, we have 4m? - mS + 7'=0, which determines m. 
When this has been found, we can get the # and y, which occur 
in the canonical form, from the equations 





* For the proof of this we refer to Mr. Sylvester’s Paper (‘‘ Philosophical 
Magazine,” April, 1853), or to Mr. Cayley’s second memoir on quantics in the 
‘Philosophical Transactions,” already referred to. 
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a+ y* + 6may? = U, m(at + y*) + (1 - 8m?*)a*y? = A, 


HT — mU ats 
whence 2y? = a , so that by taking the square root of this 
quantity, and solving the quadratic so found, the factors # and y 
“are determined. Mr. Cayley, however, has given the solution of 
the biquadratic under a more elegant form. Let m,, m., m; be 
the three roots of the equation above written, which determines 


m, then it has been already proved that 
H—m,U, H-m0, =U 


are perfect squares, and the square roots will be, of course, of the 
second degree in a and y. Now, Mr. Cayley has found that 


(mz — m3) (H — m,U)2 + (m; — m,) (H - m,U ya 
+ (m, — m,) (H — m3U)3 


will be also a perfect square, and that the linear factor which is 
its root is one of the factors of the quartic. It is only necessary 
to prove that this quantity is a perfect square, for it evidently 
vanishes on the supposition U= 0. Now, if we solve the equa- 
tion 423 - z(1 — 3m?) + m —- m? =0, the three roots are easily 


1 — ] 
coe » M3 = SS Whence 





found to be m, = m, m, = — 


H — m,U = (1 - 9m*)2*y?, H-m,U0= 





H~ m,U = 22" (ae + yey 





Now, in order that any quantity of the form 


a(a?+y’) + B(a - yy?) + yxy 


should be a perfect square, we must obviously have y? = 4 (a? — 3?) 
and on putting for a, 3, and y their values, it is readily seen that 
this condition is fulfilled. 


134. Quartics have another covariant which is the cubicova- 
riant J of the first emanant, or symbolically is 122.13. It is of 
the third degree in the coefficients, and the sixth in the vari- 


i 
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ables. For the canonical form this covariant is (1— 9m?)ay (2*— y'). 
The reader might have expected that a quartic like a cubic would 
have had a quadratic covariant, whose factors would have been 
the x and y of the canonical form. But as the canonical form 
is threefold (because m is determined by a cubic equation), the 
form for determining the factors of this canonical form rises 
to the sixth degree, and is this very covariant J. Geometrically, 
the matter may also be stated as follows. Four points on a line 
determine three different systems in involution (because either 
the point B, C, or D may be taken as conjugate to A), and the 
foci of these three systems are determined by the covariant J. 
Since by the last Article the square of the product of one set 
of x and y of the canonical form is determined by H —-mU we have 
J? proportional to (Z—m,U) (H- m,U) (H-—m,U), or (from the 
equation which determines m), to 44 - SHU? + TU. 


135. If we form the Hessian of the Hessian of a quartic, it 
will be of the form 2‘ + y* + 6m’x*y?, and, therefore, can be ex- 
pressed under the form U+XH. The actual values are easily 
got by the canonical form. We have to form the Hessian of 

m(a* + y*) + (1 — 3m?)ary? 
which will be 
2m (1 — 3m?) (a + y') — (1 — 18m? + 9m') xy’; 





: 1 — 3mn?)U - 6mH ,, A2-mU 
or, putting for a‘ + y’, ( i 2 One , and for vy’, Toone 
we get for the Hessian of the Hessian 

3TU — SH. 


We can prove, in precisely the same way, that the Hessian 
of U + XH (or any other covariant of the fourth order) is of the 
form U+)H, and can determine the value of X’ in terms of 
>, S, and 7. Thus, the discriminant of the first emanant is a 
covariant of the fourth order, and it is easily proved in the same 
way to be equal to SH- TU. So again, if U be any quantic, 
a, B, y, 6 its third differentials, then 


as? + 4ay* + 483? - 3B*y? - 6aByd 
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is a covariant. Now if a, 6, c, d, e be the fourth differentials, 
we can, by the theorem of homogeneous functions, substitute 
(n —- 3) a=ax + by, &., and thus express the above covariant in 
terms of the fourth differentials; and as the form of the result 
must be exactly the same as for the case of a quartic, it is evident 
that this covariant is reducible to the form SH + ATU where S 
and 7’are the covariants got by substituting fourth differentials 
for the coefficients, in the Sand T of a quartic. In like manner, 
it is proved that the Hessian of the Hessian of any binary quan- 
tic can be expressed under the form SH + TU, a theorem of 
which we shall give another proof in a subsequent Lesson on 
Hyperdeterminants. 


136. We shall only briefly indicate the principal results 
which have been obtained with respect to quintics. Mr. Syl- 
vester first discussed them under the form az® + by® + cz*, where 
2+y+2z=0 (see Art. 119). He showed that they have three 
fundamental invariants of the fourth (see Art. 85), eighth, and 
twelfth degrees respectively, which in terms of the canonical 
form are 

A = ab? + bc? + ca? - Qabe(a + b+ 0) 
B = abc’ (ab + be + ca); C= a'bie*. 


The discriminant is A?- 1288. Quintics have, of course, innu- 
merable other invariants of the degree 4m, expressible as rational 
functions of the invariants A, B, C, and it was for some time 
thought that they could have invariants of no other form. 
Subsequently, M. Hermite discovered the existence of an inya- 
riant of the eighteenth degree. In fact, if we express the 
following invariant function of the thirty-sixth degree, by the 
help of the canonical form, 


A(AC — BY)? + 8BC — 712A BC? — 432C%, 


it will be found to be a perfect square, the root being the inva- 
riant of the eighteenth degree in question. 

There is a remarkable difference between this invariant and 
any others which we have yet formed. If M be the modulus of 
transformation, any invariant / becomes by transformation M"J, 
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and now in all the cases which have occurred previously, m was 
an even number. Now, if we change 2 into y and y into a, this 
is a transformation whose modulus is — 1, and in all the former 
cases the invariant would be absolutely unaltered by such a 
_ transformation; but in the case of Hermite’s (which may be 
called a skew invariant) ” is odd, and changing 2 into y and y 
into # will alter the sign of the invariant. Consequently, one 
term, for example, in this invariant being a’d°f*, the correspond- 
ing term will have an opposite sign and be — a’c®f". The actual 
values of the several invariants of a quintic will be found calcu- 
lated at length in Mr. Cayley’s Memoirs on Quantics. 


137. M. Hermite arrived at his invariant by studying the 
quintic under a new canonical form. We have seen (Art. 83) 
that every quantic of odd degree has a quadratic covariant, and 
also (Art. 82) that a cubic is changed into its canonical form by 
taking for the new « and y the two factors of this covariant. 
M. Hermite applies exactly the same transformation to a 
quintic, and supposes it written in such a way that its quad- 
ratic covariant shall reduce to the single term xy; in other 
words, he supposes the coefficients connected by the relations 
ae —4bd + 3c?=0, bf -4ce + 3d?=0. Now, we know that 
we may substitute in any covariant ane 
advantage of the canonical form here chosen is that we see that, 


d 
es bh for yand x; and the 


since zy is now a covariant, ia is an invariantive operating 
symbol, the simplicity of which enables us with great ease to 
deduce one covariant from another. Thus, we see immedi- 
ately, that the quintic (a, b, c, d, e, f 2, y)° possesses a cova- 
riant of the first degree, which, for Hermite’s canonical form, is 
cx + dy; and so on. M. Hermite’s memoir will be found in 
the ‘“* Cambridge and Dublin Mathematical Journal,” vol. ix., 
p. 172. 
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LESSON XIV. 


APPLICATIONS TO TERNARY QUANTICS. 


138. WE shall in this Lesson enumerate the more important 
of the invariants and covariants of ternary quadrics, and give 
some illustrations of the use to be made of them in the theory 
of curves. We commence with the quadric 

(a, b, c, dy @, Sie, Ys 2h 
which has but one invariant, namely, its discriminant 
abe + 2def — ad* — be® — cf’, 
and one contravariant, namely, the evectant of the discriminant 
(Art. 96). These can be both written in the form of deter- 


minants, viz. :— 


| a; Ff, 96 / 
| 
ila ; FO | 
J; . w €; ds hOynG | 
ia d, i Es > Gs 0 | 


If we were considering a quantic of any degree, and a, b, &e. 
denote second differentials, the first of these would be the Hes- 
sian, and the second a mixed concomitant, which, from the form 
of the determinant, has been called the bordered Hessian. 

The quadric can be reduced in an infinity of ways to the 
canonical form «? + y? + z?; im which case a, y, z form what we 
have called a self-conjugate triangle ; that is to say, three lines 
such that each is the polar of the intersection of the other two 
(see ** Conics,” pp. 232, 321). | 


139. Let us go on now to consider the case of two quad- 
rics U, V. Then we get a set of invariants of the system by 
forming the discriminant of U + XV, when the coefficients of the 
several powers of A must obviously be invariants. Let this dis- 
criminant be A + AO + A206’ + APA’, then A and A’ are plainly 
the discriminants of U and V, while 
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eo _d cm? Taye | week ms) 
o-(a Bri aT ee aasae Gilg) 


or, at full length 


= a'(be — d*) + U'(ca - e”) + (ab - f*) 
+ 2d' (ef — ad) + 2é (fd — be) + 2f' (de - cf). 


All permanent relations between the two conics can be ex- 
pressed in terms of these invariants. Thus (see ‘“ Conics,” p. 
252), the condition that the conics should touch is the discrimi- 
nant with respect to A of the discriminant of 0+ XV written 
above. 

So again, © = 0 expresses the condition that the second conic 
passes through the vertices of a self-conjugate triangle of the 
first. For if this were the case, it would be possible to trans- 
form simultaneously, the first to the form a? + 7? + 2%, the 
second to the form 2d'yz + 2e’zx + 2fay. Now, the supposition 
a’ = b'=c' = 0 reduces 0 to 


d' (ef - ad) + e' (fd - be) + f’ (de - ¢f); 


which vanishes on the supposition d=e=f=0. And when it 
has been proved that © vanishes in any case, since it is an inva- 
riant, it must vanish for any form into which the same equations 
can be transformed. 

In like manner, let it be required to find the condition that 
it may be possible that a triangle should be inscribed in one and 
circumscribed to the other. Let x, y, z be the sides of such a 
triangle: then it will be possible to transform the conics so that 
the one shall take the form 2dyz + 2ezw + 2fxy, and the other 


xe? +y? + 27 - Qyz- Qe - By. 
And whatever relations we can establish between the invariants 
of these forms must hold generally. But these invariants are 
A = 2def; @=-(d+e+f); OW =4(diet+f); X=-4. 


These manifestly fulfil the relation 6” = 460A’, which is the re- 
quired condition. The reader may ask why we did not write 
down the relation A’ = - 4 as one which must be true in general. 
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He will remember that. an invariant is in general not absolutely 
unaltered by transformation, but is multiplied by a power of 
the modulus, and consequently, the equation A’ = - 4, would, 
on transformation, cease to be true. But any homogeneous re- 
lation between A, A’, 0, 0’, if once true, will always be true, 
since every term is, on transformation, multiplied by the same 
factor. 


140. We pass on now to speak of covariants and contravari- 
ants of the system of equations, and commence with the latter. 
The reciprocal of the system U + AV is 3 + AD + 7D’ (see 
*‘ Conics,” p. 268), where 3, =’ are the reciprocals of U and V, 
and ©® is 


(be' + We — Qdd’)\& + (ca’ + ca — Qee')y? + (ab + ah — 2ff’)Z 
+ 2(ef + ef - ad’ — ad)n— + 2(fd + fd > Geeta 
+ 2(de' + de- cf’ — cf én. 


® = 0 expresses the condition that x§ + yn + 2g should be 
cut harmonically by the two conics. ‘The equation ®? = 4> >’ 
expresses the condition that the same line should pass through 
one of the four points of intersection of the two conics, and may 
be called the tangential equation of these points. 

Suppose now, that in ® we write fora, b, c, &c. the corre- 
sponding coefficients of the reciprocal conics, and 2, y, z for 
E, n, f, we get a quadric F’ covariant to the given conics. It 
denotes the locus of a point whence tangents to the two conics 
form a harmonic pencil; and the equation of common tangents 
to, the two is £? = 4A A’UV (see ** Conics,” pp. 268, 288). 

All conics covariant to. the given conics can be expressed in 
terms of U, V,and #. Thus, for example, we know that if we 
substitute &e. for €, 4, € in any contravariant, we shall get 
a covariant. et us then examine the result of making this 
substitution in the reciprocal of V. ‘The geometrical meaning 
will be the locus of the poles with respect to U of the tangents 
to V. In these, and similar questions, it is convenient to. use 
the canonical form. ‘Thus, we know (see ‘‘Conies,” p. 267) 
that there are three Imes whose poles are the same. with regard 
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to both conics, and if these be taken for 2, y, z, the conics 
would assume the form 


U = az’ + by? + cz*, V = a'a' + Uy? + 2; 
whence we-have 
> = bc&? + can? + abZ?, D = Wes? + Ca'y? + adZ?, 
® = (bc' + Uc)& + (ca’ + ac’)n? + (ab’ + ba’)??, 
P= da'(be' + 0’c)a* + bb'(ca' + ca)y? + cce(ab' + ba')z*. - 
We have also 
Acabe, AN=a'b'c, O=abe+lca+cab, O'=ab'e' + bea’ + cab’. 
If now we substitute in 3S’, az, dy, cz, for &, n, Z, we get 
Vdaa + ca'b’y? + abCez’, 
which the above values show to be equal to 0’U — F. 
It is to be observed that theorems of this kind proved for 
conics are equally true for quantics of any order if the coeffici- 
ents be understood to denote the corresponding second differen- 


tials; A and A’ would then be the Hessians of the two quantics ; 

and ©, 6’ would be covariants. Thus, for example, if in the 
2 2 2 2 

covariant VP = ae “ - (a) | (=) + &c. we express the 

first differentials of U in terms of the second, by the help of the 

theorem of homogeneous functions, we get a quantity of exactly 

similar form to that just discussed; and we get 


(n- lv =n(n-1e'U-F, 


or, again, if ¥ be the covariant got from , by interchanging U 
and V we have 


(n- 1/8 - (n’ - 1) = n(n - 1)O'U - n(n — LYNOV. 











\ 


We add one or two more examples to illustrate the use 
which may be made of the covariant / in working questions 
on conics. 


Ex. 1. To find the envelope of the base of a triangle inscribed in a conic V, and 
two of whose sides touch another conic U, 
Let x, y, 2 be the three sides of such a triangle, then V admits of being trans- 
formed into the shape 2(#y + yz + z@), and U into the form 


% 
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ara2 + by? + cz? — 2heyz — 2Zwaze — 2abuy + 2Bay, 


where y and z are the lines which touch U. It is obvious now that U- BV isa 
conic which will always be touched by the third side z, and we shall show by the 
invariants that this is a fived conic. We have 


A’ = 2, O' =—(a+b4+0)? + 2B, O = 2e(a+b64 0) (2ab-B), A=— &2Qab-B)* 


Hence 6? — 40’A = — 4BAA’, and, therefore, the conic U — BV may be written in 
the form 4AA’U + (0? — 40’A)V, and is therefore a fixed conic always touched by 
the third side of the triangle. This immediately gives the condition that the third 
side of the triangle should also touch U. 

Ex. 2. To find the locus of the vertex of a triangle whose three sides touch U, 
and two of whose vertices move on /’. 

Let wz'y's be the vertex; then the method we pursue is to form the equation of 
the pair of tangents to U through this point: then to form the equation of the 
lines joining the points where this pair of lines meets V; and lastly, to form the con- 
dition that one of these lines (which must be the base of the triangle in question) 
should touch U. Now if Pbe the polar of #’y’z’ with respect to U, the pair of tan- 
gents, as is well known, is UU’ - P2. In order to find the chords of intersection 
with V of the pair of tangents, we form the condition that UU’ — P?+ XV may 
represent a pair of lines. Now the discriminant of this is A3A’ + 2F + AAU’; 
the chords of intersection then are UU’ — P?+ AV, where d is one of the roots of 
the quadratic \2A’+ AF + AU’V’ =0. Next, to find the condition that one of these 
chords should touch U. Now, it has been said already, that the condition that two 
conics S, S’ should touch is obtained by forming the discriminant with respect to p 
of the discriminant of »S + 8’. Now, the discriminant of »U + (UU’ — P24+XVP) 
is 

p?A + w(2U'A +O) + {U2A 4+ A(OU + AV) + A20"}. 


And the discriminant of this with respect to », equated to 0, gives 
d (4A0' — 62) + 4427 = 0, 


which value, substituted in the equation which determines X, gives for the required 
locus 
16A%A’V — 4A (4A0’ — 62) F + U(4A0' — 62)2 = 0, 


which, as it ought to do, reduces to V when 4A0’ = 62. 

The reader will find an investigation by the same method of the locus of the 
vertex of a polygon whose sides touch U, and all whose vertices but one move on 
V; and also of the reciprocal problem (‘‘ Philosophical Magazine,’ April, May, 
1857). 


141. Let us now pass to a system of three quadrics. In the 
first place it is evident that if we form the discriminant of 
AU + nV +vW, we shall get an equation of the third degree in 
A, uy v, the coefficients of the several powers of which are inva- 
riants of the system. ‘The coefficient of Auy is the invariant 


* 
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written in full, p. 84. The most important covariant of the sys- 
tem, in addition to the several harmonic conics of each pair, is the 
Jacobian 123. It was proved (Art. 54) that a point common 
to all three curves is a double ‘point on the Jacobian. Hence, if 
three conics have two points common, the Jacobian resolves 
itself into a line and conic. ‘Thus, in the case of three circles, 
the Jacobian is the line at infinity, together with the circle cut- 
ting all three at right angles (‘‘ Conics,” p. 324). 

The three conics have also a contravariant of the third de- 
gree, which may be defined geometrically as the condition that 
the line #& + yn + 2Z should be cut in involution by the three 
conics; and which, symbolically expressed, is 12.23.31. 


142. It has been already mentioned that a pair of conics has 

three right lines whose poles are the same with regard to 
each. We can now easily form the equation of the third de- 
gree which determines these three right lines. For, referred to 
- these lines, the two conics would take the form 


+ y+ 2, ax + by? + c2’, 


and the harmonic conic /’ will also be of the form a’z? + By? + ¢z?, 
and the Jacobian of these three will be evidently proportional to 
ayz. Hence, the three lines required are the Jacobian of the 
three conics U, V, #. For the conic /’ we may substitute, if we 
please, the polar of U with regard to V, since we have proved 
that this last is a linear function of U, V, / (Art. 140). If the 
two conics are transformed to x? + y? + 27, ax? + by? + cz, we 
can immediately find the values of a,b,c. For the invariants 
of the system are 
A=1, 9=a+bie, 0 =ab+be+ca, A’ = abe. 

Hence, a, 5, c are the roots of AX — OA? + OA — A’ = 0. 

This is the same problem as the transformation of a surface 
of the second degree to its principal planes, for since a + y? + 2? 
is unaltered by transformation from one set of rectangular axes 
to another, then if (a, b, c, d, e, fx, y, z)* be the highest terms 
in the equation of the surface, the problem is to transform simul- 
taneously the two ternary quantics 


my? +2", (a, b, 6, d, e, fz, y, z)P 
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(the latter of which we shall call U) to the form 
a+y?+2%, Av + By? + C2 


The three principal planes are then found by forming the Jaco- 
bian of these two quantics, and of their harmonic /’, while the 
new A, 5, Care given by the equation in terms of the invari- 
ants just written. Or we may substitute for #’ the polar reci- 
procal of U with regard to 2? + y? + 2%, that is to say 


(bc - d’, ca - e*, ab —f?, ef - ad, fd — be, de — of Kx, y, 2)’, 


which we shall call V, and the three principal planes are then 
given by the determinant 


cae MIND aes | 
dU dU dU 
dx’ dy’ dz 
| dV dV dV 
Pie pie ir es 





143. We come next to the cubic whose canonical form is 
a+y+ 22+ 6mryz. Its Hessian 123’, calculated according to 
the rules already explained, is found to be 


HT = m? (2? + y? + 2°) — (1 + 2m')ayz. 
This is the only independent covariant of the third order; for 
all other such covariants will be found to be of the form 
(a? + y? + 2°) + Om'xyz, and are therefore expressible in the form 
U+)H. Thus, for instance, the Hessian of the Hessian can 
be expressed in the form just written. 

The Hessian of a curve is the locus ofa point whose polar 
conics break up into two right lines, and in the case of a cubic 
the intersection of these right lines is also a point on the Hessian 
(‘* Higher Plane Curves,” p. 154). The cubic has also a mixed 


concomitant al2? (see p. 85), which, for the canonical form, 
is 





(yz — ma?) E + (za — m*y?)n? + (ay — mz*)Z? + 2 (m2yz — ma)nZ 
+ 2(m?za — my*)CE + 2 (may — mz*)En. 


The fundamental invariants of a cubic were discovered by 
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M. Aronhold, who showed, by a method in substance identical 
with what we have here called Mr. Cayley’s hyperdeterminant 
method, that they have an invariant of the fourth order, which 
we shall call S, viz., 123.124.234.314. In fact, this symbol 
is a symmetrical function of 1, 2, 3, 4, which does not change 
sign when any of these two are interchanged. Lach of these 
figures enters three times into the symbol, and, therefore, when 
applied to a cubic it yields an invariant. Its actual value is ob- 
tained by multiplying out the symbols for which 123 &e. are 
abbreviations, and writing the coefficients of the equation instead 
of the third differentials. The result is given at full length 
(‘* Higher Plane Curves,” p. 184,* and Mr. Cayley’s ‘ Third 
Memoir on Quantics”). For the canonical form it reduces to 
m-m‘. If the cubic had been written ax? + by? + ez? + 6mayz, 
S would have been abem — mi. 





' 144. Having once proved the existence of an invariant, we 
immediately see that there exists also a contravariant, namely, 
the evectant of this invariant. or the canonical form this evec- 
tant & a + &e., reduces to m(& + n° + 2°) + (1 — Am )End. 
Mr. Cayley has given three different geometrical interpretations 
of this function. In the first place, equated to 0, it expresses the 
condition that the line v& + yn + 22 should be one of the lines which 
join any point on the Hessian to the corresponding point, that is 
to say, to the intersection of the two lines into which the polar 
curve of any point on the Hessian breaks up. In other words, 
the evectant represents the tangential equation of the curve en- 
veloped by the line joining any point on the Hessian to the cor- 
responding point. Secondly, it also expresses the condition that 
x— + yn + 22 should be one of the lines into which the polar 
conic of any point on the Hessian breaks up; or, in other words, 
these lines envelope the very same curve as that enveloped by 
the line joining two corresponding points. Thirdly, the same 
equation expresses the condition that + + yn + 2¢ should be cut 


* Where, however, the last two groups of terms are printed with wrong signs, 
Q 
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in involution by the system of conics which are polar conics of 
any point whatever with respect to the cubic. For the proof 
and development of these theorems, the reader is referred to Mr. 
Cayley’s “ Memoir on Curves of the Third Order” (“* Philosophical 
Transactions,” 1857, p. 415). Ifwe attempt to form the second 


evectant of S, (& a + &.)?S, it will be found to vanish identi- 





cally. . 
145. If in the contravariant found in the last Article we 
substitute “~ &e. for € &., we. get an invariantive symbol of 


operation. If we apply this to the cubic itself, we fall back on 
the invariant S, but if we apply it to the Hessian we get an in- 
variant of the sixth order in the coefficients, since the Hessian 
and the operating symbol each contain the coefficients in the third 
degree. Aronhold has called this invariant 7. Z’is given at length 
(*‘ Higher Plane Curves,” p. 186), and for the canonical form 
is 1-20m?- 8m. Mr. Sylvester has proved (see references on 
p- 101) that every invariant of a cubic is a rational function of 
Sand 7. The knowledge of this enables us at once to see the 
form of many invariants and covariants. ‘Thus, the discriminant 
being an invariant of the twelfth order, when expressed in terms 
of S and TJ, can only be of the form S? + XT*. The actual 
value, first given by Aronhold, is 7? — 64%, as may be proved 
readily by the canonical form. So again, the Hessian of the | 
Hessian is, as we have already said, of the form X\U + »H, but 
since this second Hessian is of the ninth order in the coefficients, 
it follows that A must be of the eighth, and y» of the sixth. yp, 
therefore, can only differ by a numerical factor from 7; and A 
from S?.. The actual value is 4S?U- TH. Once more, if we 
take the mixed concomitant a12?, mentioned Art. 143, and 


Aenea Dear : 
substituting in &e. for € &c., operate on H, we get a covariant 











dU &@U U2) & 
-( y\ Set he 


(dy? dz dydz]} dx? 


This will be evidently of the third degree in the variables, 
and must, therefore, be of the form XU + pH. It is also of the 
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fifth degree in the coefficients; hence X must be of the fourth, 
and » of the second. But there is no invariant of the second 
order; hence « must = 0, and we can foresee without any cal- 
culation that the covariant in question must be identical 


with SU. 
146. The invariant 7 of course gives rise to a contravariant 
: : Ce : 
of the third order, namely, its evectant & ag to which for the 


canonical form is (1 — 10m?) (& + 3 + 2?) —- 6 (5m? + 4m>)EnZ- 
I do not know of any simple geometrical interpretation for this 
contravariant. J gives rise also to a second contravariant, 


namely, the second evectant (&° = + &e.)? 7’, which will clearly 


be of the sixth degree in &, n, ¢, and of the fourth degree in the 
coefficients. This is exactly the degree of the polar reciprocal, 
and, accordingly, Mr. Cayley has verified that the two are iden- 
tical by forming the evectant of the general value of 7, given 
in my ‘** Higher Plane Curves,” and comparing the result with 
the polar reciprocal. All other contravariants may (with a 
limitation presently to be noticed) be expressed in terms of the 
two first evectants of S and 7; and of this second evectant 
of 7. 


147. We have already said that the only two covariants of 
the third order are the cubic itself, U, and the Hessian, H. 
When the quantic is in the canonical form, we can express 
e+y%+2? and xyz in terms of U and #7, and can, of course, 
express in terms of these two any covariant which is a function 
only of #2 + y? + 22 and wyz. But as a symmetric function of 
three quantities cannot be generally expressed unless three 
things are given, such as their sum, continued product, and 
product in pairs, it can readily be conceived that to express a 
covariant in general, we require at least a third fundamental 
covariant which may afford an expression for a*y? + y3z? + 22°. 
Mr. Cayley has selected as the covariant next in simplicity 
to the Hessian that obtained by substituting in the bordered 


—, dH dH dH 


Hessian al2° caer eps for &, n, ¢, that is to say, 
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di\z 
(=) ae &e. 








_(@UaU  (@UY\ 
ie ar dz \ dydz 





This is easily seen to be of the sixth degree in the variables, 
and of the eighth in the coefficients, and for the canonical form 
is 


(1+ 8m)? (y?z3 + 2%a8+ a23y*) —(2Qm* + m*) U2+ (Qm - 5m!) UH- 3m? H?. 


Every covariant can, in general, be expressed in terms of 
U, H, ©. Thus, the product of the nine tangents at the points 
of inflexion, expressed by the help of the canonical form in terms 
of these quantities, is found to be 
{U — (1 + 8m’)a*} {U0 — (1 + 8m*)y?} {0 - (1 + 8m*)z5} 
= H? —- 8SU°*H + OU. 
But a covariant need not necessarily be a rational function 
of U, H, 0. ‘Thus, every perfectly symmetric function of the 
roots of an equation can be expressed as a rational function of 
its coefficients, but not so one which is symmetric with the ex- 
ception of its sign; for example, the simple product of the dif- 
ferences of its roots. We see then that there exist covariants 
analogous to Hermite’s invariant (Art. 136) not expressible 
as rational functions of U, H, ©. For example, the nine 
harmonic polars of the points of inflexion have for their 
equation, in the canonical form, (a — y°) (y> — s°) (23 — 2°), 
which cannot be expressed in terms of U, H, ©, although its 
square evidently can. Similar remarks apply to contravariants. — 
There is another skew mixed concomitant al2?al13 of the 
third degree in both variables, and in the coefficients, of which, 
however, no important use has as yet been made. Tor the 
canonical form it is 
Ee (y® — 2°) + n° (2) — 2%) + 2? (2° — y®) — Bm {(1 + 8mi)aty 
+ Omy?z + 12m?z?a} + En? {(1 + 8m*)axy? + 6max*z + 12m?z*y} 
— f° {(1 + 8m*)y?z + Bmz*x + 12m*a*y} + no?{(1 + 8m*)yz? 
+ 6my?a + 12m?a?z} + CE? {(1 + 8m5)za? + Omz?y + 12m?y?x} 
— OE {((1 + 8m')2*a + Omaty + 12m*y*z}. 


148. We conclude the subject of cubics by describing a 
method by which Mr. Sylvester has obtained S and 7’ simultane- 
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ously. It will first, however, be necessary to say something as 
to a class of invariants which we have not yet mentioned. Let 
there be a function homogeneous in 2, y, z, and also homoge- 
neous in another set of variables a, 3, y. Let 123 have the 
same meaning as before, and let 123’ denote the same thing 
with respect to the differentials with regard to a, 3, y 3 then it 
is evident that if we operate on the function with any power of 
the product 123.123’, we shall get a covariant or invariant. 
Thus, for example, take the function 
ax& + byn + c20 + dyZ + dzn + ez& + eae + fan + f'yé, 

and, operating with 123.123’, we get an invariant 

abe + def + def’ — add’ — bee’ — cff’. 

When the two sets of variables are made identical, and the 
accents omitted, this becomes the discriminant of a quadric. It 
will be useful if we work out in like manner the result of the 
operation 1237, 123? applied to a function of the second degree 
both in a, y, z, and in a, 3, y. I write for brevity x instead of 
S &e.; then, multiplying out the square of the product of the 
two determinants (ay'z") (aB'y"), and afterwards omitting the 
accents, the result is found to be 
ro. [3*.2"y" ry TT yl oh aN Y[3?. ay? 27a” As Ziry? a7[32 ya") 

+ 2(2°a?.yzBy yzBy + y?0?-zaya.ztya + 2*y*?.xyaB .xyaf) 

— 2 (a°a?.y’By -2*Py + 2a? yz? .yZy? + 3? .2ay ay + id @ et 

azy?.aza® + Z*y?.xal3 .yal3 + 2°? aya? .ayP) + 2(a’aB.yBy- 

Zva + @ay yaP.22By + way. 'yz.y22u + axz.PPay.y*yZ) 

+ 2 (2?By.y?ald Zay + yay 2’By.2Ba + 2a3.2°ay yy 

+ ayz. Pay .y2xs + Paz.y’yz.cyx + yay.auz.[’yz) + 

4 (aaf3.yzaB.yzy? + way .yzay.yzB3? + yald.zvaB.zay? + 

YP By. zeBy.zza + Zya.tyya.acys? + 2yB yy. arya”) — 

2 (2°? .yya.2’ya + UB? .yzy?.yza? + ay? yald.2a[d + ay. 

yza?.yz3° + ya’. By a By + ya?.zeB?.zay? + yy’ .zaua®. zap? 

+ yy? .xas.2a[3 + 2a? .ayP?.ayy? + 2a°.2°By.y’By + es 

aya? ayy? + 23°.@ay.yay) — 4 (aa .yzay.yzPy + Way. 

yzBa.yzBy + yPa.zrya.ztyB + y’By.zxaB.zaay + Zay- 
aya .cyBy + “By.cyaB.cyay + aay.Pyze.Pyzy + aaz. 

Byyx. Byyz a (yx .yazu .yazy a [yz yaky -yare + Vhs « 
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aBy2.asyz + yyz.aBxy.aBxz) + (2°B?.yy?.27a? + ay" ya’. 
2°23’) + 4ayaB .yzBy.zeya + 2 (a3? .yzya.yzya + 24°. yzaps. 
yeas + ya’. zaBy.zaBy + yy’ .zvaB.zraB + 2a? .cyBy .2yBy 
+ 23° ayay wyay) + 4 (ayaB.yeay rey + yzPy.zvaB .cyay 
+ zaya.ayPy.yzBa) + 4(2yaB.ryy’.2a + yeBy.yza? apy 
+ 2@ay.22[3.yay) + 2 (@By.yay.2afd + a’yz.B?za.y"xy) 
+ 4 (a2za3.ryBy.yzya + eyay.2zBy.yzaB) -— 4(ayy’.azaf. 
yzaP + «23? .ayay .yzay + yza”.zaPby.xyBy + w Py -yeya-yzad 
or: Yyya. Zxald .2xBy oe 2ald.vyPSy .Lyya). 


149. To apply the above principles to ternary cubics we 
have only to recollect that they have a mixed concomitant al2?, 
which is a homogeneous function of the second degree in both 
sets of variables; to which we may add A(#é + yn + 20)", which 
is a function of the same kind. The invariant, then, of the sum, 
calculated as in the last Article, will be an invariant of the 
cubic, and the coefficients of the several powers of A must be 
separately invariants. Thus, for the canonical form, the mixed 
concomitant in question is 


(A — m?) (aE? + yn? + 27S?) + 2(A + m?) (yznd + 2aZE + xyEn) 
+ (yz& + 2un? + wyt”) — 2m (ang + SE + En). 
We give in order the result of operating on the above with 
the several groups of terms given in the last Article. 
8 (A = m’)’, 0, 12 (A — m’) (A + m’)?, 0, 0, 0, 0, 0, 0, 0, 
4 (A + m’)’, 0, 0, — 24m (A + m?), — 16m, 0, 2, 
which terms, expanded and arranged, are 
12\3 — 12 (m — m‘)d + 1 — 20m — 8m, 
or 1248 - 128A 4+ T. 


150. We return now to the case of three quadrics, U, V, W,. 
in order to give a discussion of their eliminant due to Mr. 
Sylvester, and to examine whether it can be expressed in terms 
of simpler invariants. Eliminants belong to a class of invariants 
which he calls combinants, which are unaltered not merely when 
the variables undergo linear transformation, but also when for 
the quantics themselves we substitute any linear functions of 
them. ‘Thus, the eliminant of 
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AU + pVitvW,NU + Vt W, nv + Viv, 


manifestly differs only by a constant from the eliminant of 
U, V, W.* Now, it has been already remarked that the coeffi- 
cients of the several powers of , u, v in the discriminant of 
AU + uV + vW are invariants; but if we form the invariants of 
this discriminant considered as a cubic function of A, p, v, these 
must not only be invariants, but combinants of the system 
U, V, W, since they are unaltered when AX, p, v receive linear 
transformations. ‘lhe invariantt S of this cubic is easily seen to 
be of the fourth degree in the coefficients of each of the quan- 
tics; it is therefore a combinant of precisely the degree of the 
eliminant, and the question naturally presents itself, are the two 
identical? ‘The enormous length of the eliminant in general 
would render the comparison next to impossible, were it not 
for the advantage gained by the fact that the eliminant is a 
combinant. 


151. We may, without loss of generality, suppose two of 

the quantics reduced to their canonical form 
v+y? +2, ax? + by + cz’, 

while the third remains in the general form. But again, we 
may substitute for the first two any linear functions of them ; 
and, therefore, may substitute for the first two, the result of eli- 
minating z and y alternately between them, so that the first 
pair of quantics can be brought to the form 2? - 2’, y? - 2?, 
while the third may, by the help of these two, be reduced to 
the form z? + 2lyz + 2mzx + 2nxy. And any results deducible 
for this simple system will be true in general. But the elimi- 





* Hence, also, in addition to the ordinary differential equations of invariants, 

combinants satisfy others. Forifa, d, ¢, &c., be the coefficients of U; a’, ’, e, &c., the 
: Fal OL aE 

corresponding coefficients of V; we must plainly have a a + 0’ mr é me + &. = 0. 
A combinant must vanish if any two of the quantics become identical; and it will 
be a function of the determinants (ad’¢’) &c. formed with every three sets of corre- 
sponding coefiicients of the three quantics. 

+ We get the very same quantity if we form the S of the Jacobian of the system 
of quadrics. 
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nant of the system got by solving for 2, y, z from the first pair, 
and substituting in the third quantic, is easily seen to be 


(1 + 22 + 2m + 2n) (1 — 22 + 2m — Qn) (1 + 21 — 2m - 2n) (1 — 2 
—2m+2n) =1 - 8(% 4+ m+n’) + 16 (4 + m+ nt — 2Pm* 
— 2m?n® — 2n'l’) + 64lmn. 
Next, to form the discriminant of \U + nV + vW, which is 
found to be 


y3(2imn — n?) + (n? — Pv? + (n? — m2)v*u — Ny — Aw? + Ap. 
This is a ternary cubic with regard to A, pw, v; and its S, worked 


out by the formula (‘¢ Higher Plane Curves,” p. 184) will be 
found to be 


1-8 (2 + m? +n?)+16( + mt + nt — Pm? — mn? —n’P) + 481mn. 
It appears, then, that this latter invariant is not identical with 
the eliminant. If, however, we eliminate the term /mn, calling 
the eliminant of the system of quadrics L, we have 
48 -3H=1-8(P +m? +n?) + 16( + m+ m+ 2Pm? 

+ 2m'n? + 2n’?) = {1-4(P + m? + n’)}?. 
Thus, we perceive that the eliminant differs from a multiple of 
the invariant S only by a term which is the square of an inva- 
riant of half the dimensions in the coefficients. 


152. Mr. Sylvester obtains this invariant as follows :—Form 
the polar reciprocal of AU + nV + »W, which will evidently be 
of the second degree both in the variables &, n, Z, and also in 
A, wv.» Then the invariant of this function, as in Art. 148, will 
give the combinant required, which will involve the coefficients 
of each of the three quantics in the second degree. I had ac- 
tually worked out by the formula of Art. 148 the general ex- 
pression of this combinant, when another and much simpler 
method of doing the same thing suggested itself. We know 
that the three quadrics have a cubic covariant, viz., the Jacobian, 
and we know also (Art. 141) that they have a cubic contrava- 
riant £12.£23.£31. We have then only to substitute in the 
contravariant differential symbols for €, n, Z, and operate on the 
Jacobian, when we obtain the combinant required. Since the 
Jacobian and the contravariant contain each of them in the first 
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degree the coefficients of each of the three quantics, the combinant 
will contain these coefficients in the second degree. It may be re- 
marked, in passing, that the Jacobian is the locus of the inter- 
section of any pair of right lines which can be represented by 
AU + wV + vW, whilst the contravariant in question expresses 
the condition that x& + yn + z¢ should be one of those right 
lines. Now the general expression for the Jacobian is (using 
(ab’c’) &c. to denote determinants, as at p. 3), 


(aef")a* + (Of'd")y> + (cde")2* — {(abe") + (af'd’)jary + {(ac'f’) 
+ (aéd")}a*z + {(ba'd’) + (bf'e")}y’a — {(bc'f") + (bd'e’)\ yz 
— {(cad’) + (ce'f")}2’a + {(cb'e”) + (ed f")}z*y — {(abc’) 
+ 2 (de'f’)} xyz, | 
while the contravariant is 


(be'd")E + (ca’e")n? + (ab'f")Z5 — {(be'e”) + 2 (cd’f’)\E2m + {€cb'f”) 
+ 2(bd'e’)} £2 + {(acd’) + 2(ce’f”) }E — {(ca’f”) +2(ae'd’)| n°Z 
~ {(abid’) + 2(bf'e’)}ZE + {(ba'e”) + 2(afd")\Zy + {(ab’c’) 
~ 4 (def Enz. 


From these two the combinant is found to be* 


(ab'c’)?+ 4(ab'd")(ac'd’) + 4 (bc'e") (ba’e”) + 4(ca’f")(cbf’) + 8 (ad'e”) 
(bd'e”) + 8 (ad f”) (ed'f") + 8 (ce'f”) ( bef’) -— 8 (ae’f”) (bc'd") 
— 8 (bf'd") (ca’e”) - 8 (ab’f’) (cd’e”) + 4 (ab'c’) (dée’f”) - 8 (de’f")*. 
In the particular case considered in Art. 151, all the terms 


vanish except the first four, and the combinant reduces, as we 
expected, to 1 - 4 (7? + m? + n’*). 


153. We conclude this Lesson by a brief account of quartics, 
the theory of which has been very imperfectly studied. The 
order of every invariant must be of the form 3m. ‘That of the 
third order has been already given, p. 85. That of the sixth 
order can easily be written down in. the form of a determinant 
by taking the six second differentials and eliminating dialyti- 
cally between them the six quantities a’, y’, &c. Assuming 
that the equation of the polar reciprocal is an evectant of the 


* N. B.—We have identically 
(ad’ f”) (Be'e") + (ad'e”) (cB'f"”) + (ab'e") (def) = (aetf") (bed). 


R 
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form (& = + &.)°J, J will be an invariant of the ninth order, 


which may be worked out by the help of the known equation of 
the polar reciprocal. I know nothing as to the other invariants 
of the quartic, except that the discriminant is of the twenty- 
seventh order, but this can most probably be expressed in terms 
of simple invariants. 

We have already (p. 85, and “* Higher Plane Curves,” p. 101) 
two contravariants of the quartic of the degrees respectively 
4 and 6 in the variables; and of the orders 2 and 3 in the coeffi- 
cients. The polar reciprocal can be expressed in terms of these 
two. Of course, we can form as many more contravariant quar- 
tics as we have independent invariants, by taking the evectant 
of each. As covariants, we have the Hessian of the degree six, 
and order three; while, by taking the S and 7’ of the first ema- 
nant, which is of course a cubic, we get a covariant quartic of 
the fourth order in the coefficients, and a sextic of the sixth 
order. We get a number of other covariant quartics either by 
forming the contravariant of any of the contravariant quartics 
already noticed, or by forming a covariant S to U+)S: and 
in like manner, from any one covariant sextic we can derive a 
number of others by forming, according to the same rule, the 
covariant of U + XS where S may be any of the covariant quar- 
tics. Without knowing the number of independent invariants, 
it seems impossible to say how many of these covariant quartics 
or sextics are independent. It is easily proved that the covariant 
quartic got by forming the contravariant of the simplest contra- 
variant quartic is equal to the sum of the covariant which we 
have called S, together with the product of U, by a multiple of 
the simplest invariant. 

Again, if in the contravariant quartic which is of the second 
order, we substitute differentials for the variables, and operate 
on the Hessian, we get a covariant conic of the fifth order in 
the coefficients. While again, if we treat the quartic itself in 
like manner, and operate on the simplest sextic contravariant, 
we get a contravariant conic of the fourth order in the coeffi- 
cients. So again, there will be another covariant conic of the 
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eighth order, and a contravariant of the seventh, &c. Some other 
covariants are of importance in the theory of quartics. ‘Thus, 
if we form for the quartic the covariant which we have called 
© (Art. 147), it may easily be seen to be of the fourteenth 
degree. Imfwe form the covariant called ® (Art. 145), it may 
be seen to be of the eighth degree. The curve which deter- 
mines the points of contact of double tangents is 0 = 3H®@ 
(‘‘ Higher Plane Curves,” p. 89). 





LESSON XV. 


THEORY OF QUADRICS IN GENERAL. 


154. In the last two Lessons we have given the principal 
applications of the preceding theory to binary and ternary quan- 
tics. With regard to quantics in any greater number of vari- 
ables, we proceed no further than the case where the quantic is 
of the second degree, of which we shall give some account in 
this Lesson. The theory of quadrics is nearly the same, no 
matter what the number of variables; we shall, therefore, have 
to repeat something of what has been already said (Art. 138, 
&c.), but we shall enter into a little fuller development. 

Perhaps the most easily intelligible notation for the coeffi- 
cients of a quadric in general is to use a double suffix, and to 
write the coefficients of 7, y?, &C., A1y15 A242) A339, &C., while the 
coefficients of xy, 72, 42, &e. are 2a1,2, 201,3, 2de,3, &C.; Gi. and 
2, being identical in this notation. Then it is evident that 
the discriminant of the quadric is the symmetrical determinant 
(see p. 7), 

| Ainy Bye Ais &e. 

| Gzy1y Aay29 Aay3 S&C. 

| Assy As;29 Asy3 KC. 
for which we may use the abbreviation Ba,,,d2,.@3,3 &c. The 
above is the only invariant of the quantic. It has, however, a 
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contravariant, namely, the evectant of the discriminant, which 
(as in Art. 138) may be written in the form ofa determinant by 
bordering the above matrix horizontally, and vertically with the 
contragredient variables. Thus, in the case of a quaternary 
d 
day, 


0, a, Bs; Y> 6 


quadric the evectant (a? 





+ a de + &c.)I may be written 
da,2 


Ay Ayy13 By329 Uiy39 Biss 
B; 2519 2529 Bara, Bar 
Yo sr19 A929 A339 Aaya 
O> — Agy1y A429 Asya Baye 


or rather, this determinant is equal to the evectant with its sign 
changed. For it is easy to see by the rule of signs that the co- 
efficient of a? in the determinant last written is — the determi- 
nant Dae,243,30,,4: but this determinant is the differential of the 
discriminant with respect to a,1. 

When the discriminant vanishes, the evectant becomes a 
perfect square; for the proof given for the case of a ternary 
quantic, p. 68, applies word for word in general, and shows that 
the evectant of the discriminant of a quantic of the n™ degree in 
any number of variables becomes a perfect 7 power, in case the 
discriminant vanishes. It is proved, then, that when the dis- 
criminant vanishes, the determinant last written becomes a per- 
fect square, and the sign will of course be the same as that of 
the factor which multiplies a’, that is to say, it will be opposite 
to the sign of the determinant Yaz,.43,344,4. 


155. The property just obtained is worth stating as a gene- 
ral property of a symmetrical determinant. The evectant de- 
terminant written in the last Article may be taken as the 
general form of a symmetrical determinant whose first term 
vanishes; the discriminant is the first minor obtained from this 
by erasing the outside line and column, while the determinant 
LAz,2M3,3444 18 the second minor obtained by erasing the outside 
line and column of the discriminant. What we have proved, 
then, is that when the first minor (as just explained) vanishes 
of a symmetrical determinant wanting the first term, then the 
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determinant and the second minor will have opposite signs. 
But it is easy to see that this must be equally true if the first 
term of the given symmetrical determinant does not vanish. 
For in the expansion of the determinant, the first term is mul- 
tiplied (see Art. 22) by the first minor which vanishes by hy- 
pothesis, and therefore, the presence or absence of the first term 
will not affect the result. 


156. We have already (p. 111) spoken of the problem of 
transforming the equation of a surface of the second degree to 
its principal planes. We have seen that since the quantity 
a2? + y*? + 2? remains unchanged by transformation from one rec- 
tangular system to another, the problem becomes, to transform 
simultaneously (a, b, c, d, e, f{a, y, z)? and # + y? + 2*, so that 
the latter may still be of the form z? + y? +2’, and that the 
former may become Az? + By?+ Cz. In like manner, a qua- 
dratic function of any number of variables may be transformed in 
an infinity of ways to a sum of squares (Art. 118), but what 
we may call the orthogonal transformation is to transform simulta- 
neously a given quadratic function, and 2 + y? + 2? 4+ w? + &., 
so that the latter remaining of the same form, the former may 
become Aa? + By? + Cz? + Dw? + &e. 

The transformation is effected in the same manner as for 
ternary quadrics (Art. 142). Let the given quadric be U, and 
let 2? + y? + 2? + &. = V, then if we form the discriminant of 
U + XV, we shall have a function in which all the coefficients of 
A will be invariants, and if we put this discriminant = 0, and 
solve for A, we must get the same roots, no matter how the 
quantic is transformed. ‘The discriminant of U + AV is at once 
written down by adding X to the coefficients of 2’, y’, z* in the 
determinant of Art. 154, when we get 


| Qj, + r; Qiseo 5S Any 39 Qi54 &e. 
: | Qayiy Coyg + A; Q2339 A254 &e. 

| Gsyry C352 A333 + A; A354 &e. 

t 

{ 

t 


| 
Ass15 A429 A435 Ag,4 + A &e. | 
| 





* The equation got by equating this determinant to 0, is of considerable impor- 
tance in analysis. It occurs in the determination of the secular inequalities of the 
planets (see Laplace, ‘‘ Mécanique Celeste,” Part I., Book ii., Art. 56). 
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But now in the form to which we tranform the quantic, 
since every coefticient of the form a,,, vanishes, the determinant 
reduces to the single product (A + A)(B + A)(C + A) &e. 
Since, then, this expression (A + A)(B +A) &e. is identical 
with the determinant last written, it follows that the new coeffi- 
cients A, B, C, &e., are given immediately as the roots with the 
signs changed of the equation in A, got by putting that determi- 
nant = 0. The roots of this equation will always be real; and 
we can at once determine .by Descartes’s rule how many of 
them are positive, and how many negative, and so ascertain 
(what has been proved, Art. 48, to be a fixed number) the num- 
ber of positive and negative squares into which the function is 
transformable. 


157. Several proofs have been given of the fact just stated, 
namely, that the roots of the equation of the last Article are all 
real: the following is, perhaps, as simple as any. Take the 
determinant of the last Article, and form from it a minor, as in 
Art. 155, by erasing the outside line and column: form from 
this again another minor by the same rule, and so on. We 
shall thus have a series of functions of A, whose degrees regu- 
larly diminish from the n to the 1%; and we may take any 
positive constant to complete the series. Now, if we substitute 
successively in this series any two values of X, and count in each 
case the variations of sign as in Sturm’s theorem, it is easy to 
see that the difference in the number of variations cannot exceed 
the number of roots of the equation of the n degree which lie 
between the two assumed values of X. This appears at once 
from what was proved in Art. 155, that if \ be taken so as to 
make any of these minors vanish, the two adjacent functions in 
the series will have opposite signs. It follows, then, precisely 
as in the proof of Sturm’s theorem, that if we diminish \ regu- 
larly from + 0 to —- 0, thenas A passes through a root of any of 
these minors, the number of variations in the series will not be 
affected; and that a change in the number of variations can 
only take place when A passes through a root of the first 
equation, namely, that in which 2 enters in the n degree. 
The total number of variations, therefore, cannot exceed the 
number of real roots of this equation. 
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But obviously, in all these functions the sign of the highest 
power of ) is positive; hence, when we substitute + o, we get 
no variation; when we substitute — «,the terms become alter- 
nately positive and negative, and we get n variations; the 
equation we are discussing must, therefore, have n real roots. 
It is easy to see, in like manner, that the roots of every one of 
the series of functions are all real, and that the roots of each are 
interposed as limits between the roots of the function next 
above it in the series. 


158. It will be perceived that in the preceding Article we 
have substituted, for the functions of Sturm’s theorem, another 
series of functions possessing the same fundamental property : 
that when one vanishes, the two adjacent have opposite signs. 
Mr. Borchardt, however, has proved (see ‘ Liouville’s Journal,” 
vol. xii., p. 50) that the roots of the equation in Art. 154 are 
all real, by a direct application of Sturm’s theorem; and as the 
principles involved in his proof are all worth knowing for their 
own sake, we give his demonstration here. 

The first principle which it will be necessary to use is a theo- 
rem given by Mr. Sylvester (*‘ Philosophical Magazine,” De- 
cember, 1839), that the several functions in Sturm’s series, 
expressed in terms of the roots of the given equation, differ 
only by positive square multipliers from the following. The 
first two (namely, the function itself, and its derived) are of 
course, (« — a) (a - B)(#- y) &., =(«—- B) (# — y) &e.; and 
the remaining ones are 
= (a-3)*(«- 7) (w - 8) &e.; B(a-B)*(B- 7) (y - a)? (#- €) Ke, 
where we take the product of any & factors of the given equa- 
tion, and, multiplying by the product of the squares of differ- 
ences of all the roots not contained in these factors, form the 
corresponding symmetric function. We commence by proving 
this theorem.* 





* I suppose that Mr. Sylvester must have originally divined the form of these 
functions from the characteristic property of Sturm’s functions, viz., that if the 
equation has two equal roots a = {, every one of them must become divisible by 
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159. In the first place, let U be the function, V its first 
derived, R,, R;, &c. the series of Sturm’s remainders: then it is 
easy to see that any one of them can be expressed in the form 
AV-BU. For, from the fundamental equations 


U= QV - R:, V= Qf, on Rs, R, = QR; ay Ry &e., 
we have 
R,= QV - U, 
R; = Qf, -V= (QQ) es 1) Vi QU, 
R, (Q;Q2 - 1), - Q;V = (Q:Q:Q3 — Q,- Q;) V - (Q2Qs os 1)U, 


and soon. We have then in general* R, = AV — BU, where, 
since all the Q’s are of the first degree in 2, it is easy to see that 
A is of the degree £- 1, and B of the degree & - 2, while 
R,, is of the degree n — &. 

But now this property would suffice to determine A,, Rs, Ke. 
directly. Thus, if in the equation R, = Q,V -— U we assume 
Q, =ax + 6, where a and 6 are unknown constants, the condition 
that the coefficients of the two highest powers of x on the right- 
hand side of the equation must vanish (since £; is only of the 


ll 


2x—a. Consequently, if we express any one of these functions as the sum of a 
number of products (cx —a)(«— 8) &c., every product which does not include 
either z — a or x — 6 must be divisible by (a — 8)*; and it is evident in this way 
that the theorem ought to be true. The method of verification here employed does 
not differ essentially from Mr. Sturm’s proof, ‘‘ Liouville,” vol. vii., p. 356. Mr. 
Sylvester himself deduces his theorem as a particular case of a more general one 
concerning functions formed in the process of eliminating between any two equa- 
tions. His valuable memoir (‘Philosophical Transactions,” 1853) contains much 
of which I am tempted to give an account here— 


‘Extremo ni jam sub fine laborum 
Vela traham, et terris festinem advertere proram.” 


* The theory of continued fractions which we are virtually applying here shows 
that if we have Ry = AzV — BU, Ria = AnaV — BeaU, then AgBra — Ag By is 
constant and=1. In fact, since Ria = QR: — Rua, we have 


Any = QA — Aza, Bear = QBs — Birr, 
whence . 
Ay Bin — Aga Be = AxrrBr — ArBya, 
and by taking the values in the first two equations above, meee where * = 2, 
and & = 3, we see that the constant yalue = 1, 
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degree m - 2) is sufficient to determine a and 4. And so in 
general, if in the function AV - BU we write for A the most 
general function of the k - 1” degree containing k constants, 
and for B the most general function of the k — 2"¢ degree, con- 
taining k —- 1 constants, we appear to have in all 2/ — 1 constants 
at our disposal, and have in reality one less, since one of the 
coefficients may by division be made = 1.* We have then just 
constants enough to be able to make the first 2h — 2 terms of 
the equation vanish, or to reduce it from the degree n + k - 2 
to the degreen-—k. ‘The problem, then, to form a function of 
the degree n — k, and expressible in the form AV — BU, where 
A and B are of the degrees k - 1, k - 2, is perfectly definite, 
and admits but of one solution. If, then, we have ascertained 
that any function /, is expressible in the form AV — BU, where 
A and B are of the right degree, we can infer that A, must be 
identical with the corresponding Sturm’s remainder, or at least 
only differ from it by a constant multiplier. It is in this way 
that we shall identify with Sturm’s remainders the expressions in 
terms of the roots, Art. 158. 


160. Let us now, to fix the ideas, take any one of these 

functions, suppose 
= (a— BY (B ~ 7)? (y - a)? (@ - 6) (@ - «) &e., 

and we shall prove that it is of the form AV — BU, where in 
the example chosen A is to be of the second degree, and B of 
the first in #. Now we can immediately see what we are to 
assume for the form of A, by making z = a on both sides of the 
equation. ‘The right-hand side of the equation will then be- 
come A (a - 3) (a — y)(a-86)(a- «) &e. since U vanishes; 
and the left-hand side will become 


2% (a - 8)? (B - y)? (y - a)? (a - 8) (a - €) &e. 
It follows, then, that the supposition z = a must reduce A to the 





* Just as the six constants in the most general equation of a conic are only 
equivalent to five independent constants, and only enable us to make the curve 
satisfy five conditions. 

bs) 
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form = (6 - y)?(a - 8) (a — y), and it is at once suggested that 
we ought to take for A the symmetric function 


= (B — y)? @ — B) (# - y)- 
And in like manner, in the general case, we are to take for A 
the symmetric function of the product of k — 1 factors of the 
original equation multiplied by the product of the squares of the 
differences of all the roots which enter into these factors. It 
will not be necessary to our purpose actually to determine the 
coefficients in B, which we shall therefore write down in its 
most general form. Let us then write down 


5 (a—B)* (8-7)* (7 - a)! (@-8) &. = 3(a - B)* (wa) @=f) 

x & (« - B) (a - y) &e. + (az + 6) (a@-a) (@- BP) &e., 
which we are to prove is an identical equation. Now, since an 
equation of the p” degree can only have p roots, if such an equa- 
tion is satisfied by more than p values of z, it must be an iden- 
tical equation, or one in which the coefficients of the several 
powers of a separately vanish. But the equation we have 
written down is satisfied for each of the values z= a, = (3, &c., 
no matter what the values of a and 6 may be. And if we sub- 
stitute any other two values of x, then, by solving for a and b 
from the equations so obtained, we can determine a and 6 so 
that the equation may be satisfied for these two values. It is, 
therefore, satisfied for » + 2 values of x, and since it is only an 
equation of the n + 1% degree, it must be an identical equation. 
And the corresponding equation in general, which is of the 
n+k-—1 degree, is satisfied immediately for any of the n values 
«=a &c.; while B being of the k - 1 degree we can determine 
the & constants which occur in its general expression, so that 
the equation may be satisfied for £ other values; the equation 
is, therefore, an identical equation. 


161. We have now proved that the functions written in 
Art. 158 being of the form AV — BU are either identical with 
Sturm’s remainders, or only differ from them by constant factors. 
It remains to find out the value of these factors, which is an 
essential matter, since it is on the signs of the functions that 
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everything turns. Calling Sturm’s remainders, as_ before, 
h., R,, &e., let Mr. Sylvester’s forms (Art. 158) be 7), T;, &e., 
then we have proved that the latter are of the form T, = A,R,, 
T; = \;f;, &c., and we want to determine X., A;, &. We can 
at once determine 2X, by comparing the coefficients of the 
highest powers of z on both sides of the identity 7, = A,V-B,U; 
for x” does not occur in 7’,, while in V the coefficient of xis n, 
and the coefficient of x is also z in A,, which = = (a — a); hence 
B, =n. But the equation 7, = A,V — B,U must be identical 
with the equation 2, = Q,V— U multiplied by X,; we have, 
therefore, A; = 7. 

To determine in general 2,, it is to be observed that since 
any equation 7; = A,V - B,U is ; times the corresponding 
equation for A,, and since in the latter case it was proved 
(note, p. 128) that A, By. — AzsB, = 1, the corresponding quan- 
tity for Tj, Ti, must = AxAku- Now from the equations 


Ty = AyV -— BU, Tia = Ata V - BruaU, 
we have 
A fs Ti, 7 AT = (A; Bra ae A j41Bx) U = ArAker Uz 


Now, comparing the coefficients of the highest powers of x on 
both sides of the equation, and observing that the highest power 
does not occur in A; JZj.1, we have the product of the leading co- 
efficients of A;,, and 7; = AAia- But if we write 


= (a — 8)? = ps» = (a - B)* (a - 7) (B - 7)? = Py &e., 
we have, on inspection of the values in Arts. 158, 160, the 
leading coefficient in T, = p,, in ‘7; = ps, &c., and in A, = 2, in 
A; = p2, in Ay = p3, &c. Hence 
eae &e. 


p? 





2 
Pe =X2Azs» Ps” = Asday Pe = sds, &e., whence Az -=, Aa =. 


The important matter then is, that these coefficients are all 
positive squares, and, therefore, as in using Sturm’s theorem 
we are only concerned with the signs of the functions, we may 
- omit them altogether. 


162. When we want to know the total number of imaginary 
roots of an equation, it is well known that we are only con- 
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cerned with the coefficients of the highest powers of # in 
Sturm’s functions, there being as many pairs of imaginary roots 
as there are variations in the signs of these leading terms. 
And since the signs of the leading terms of Z:, T;, &c. are the 
same as those of R,, R;, &c., it follows that an equation has as 
many pairs of imaginary roots as there are variations in the 
series of signs of 1, m, X(a — 8), S(a-3)?(B — y)? (y - a)? &e. 
This theorem may be stated in a different form by means of 
Ex. 3, p. 14, and we learn that an equation has as many pairs 
of imaginary roots as there are variations in the signs of 1, s), 
and the series of determinants 


Soy Si | Soy Six Se | Sop Sip Soy S3 | 
Sip Sp |» Sig Say S3 | Sip S29 S39 S4 & 
i Coy 
Spy “S3y Sq |” $29 S35 S49. S5 


| S39 Say S85 $6 4 


the last in the series being the discriminant; and the condition 
that the roots of an equation should be all real is simply that 
every one of these determinants should be positive.* 


163. We return now, from this digression on Sturm’s theo- 
rem to Mr. Borchardt’s proof, of which we commenced to give 
an account, Art. 158; and it is evident that in order to apply 
the test just obtained, to prove the reality of the roots of the 
equation got by expanding the determinant of Art. 156, 1t will 
be first necessary to form the sums of the powers of the roots of 
that equation. For the sake of brevity, we confine our proof 
to the determinant, 


| a-r,f e 
iA b-r, d 
Lees d, sie Wor 


it being understood that precisely the same process applies in 





* I do not know whether I have explicitly stated it, but all through these Les- 
sons in expanding a determinant I make the term positive which is obtained by 
reading from the left-hand top to the right-hand bottom corner, as, for instance, 
SoS284%_ in the last determinant aboye. . 
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general.* Then it appears immediately, on expanding the de- 
terminant, that s,; =a+6+c, since the determinant is of the 
form \3 —- A? (a +b+c) +&c. And in the general case s, is equal 
to the sum of the coefficients of the squares of the variables in the 
quadric from which the determinant is derived. We can calcu- 
late s, as follows. The determinant above written is the elimi- 
nant of the equations 


Aw =ax+ fy +ez, Ay = fe + by+dz, z= ex + dy + cz. 
Multiply all these equations by A, and substitute on the right- 
hand side for Az, Ay, Az their values, when we get 

Nx = (a? + f? + e&*)x + (af + fb + ed)y + (ae + fd + ec)z, 

Ny = (fa + bf + de)u + (f° + B + d*)\y + (fe + bd + de)z, 

Nz = (ea + df+ce)a+(ef+ db+ecdjyy+ (2+ d?+ &)z, 
from which eliminating 2, y, z, we have a determinant of form 


exactly similar to that which we are discussing, and which may 
be written . 


when, of course, in like manner, 
S.=Q,+b,4+ >= 24+? + c? + 2d? + Qe? + Bf”. 


The same process applies in general, and enables us from s, to 
compute s),,. Thus, suppose we have got the system of equa- 
tions 


NPL = Apu + Joy + pz, APY = fpX + byy + Upz, PZ = pH +dpy + Cpz. 
5 
from which we could deduce, as above, s) = ap + by + cp; then, 


multiplying both sides by A, and substituting for Aw &c. their 
values, we shall get 


NPR = (Aya + fof + epe)® + (apf + Fd + epd)y + (ape + fod + epc)z 
Ney = (fpa + by f + dpe)e+ fp f+ byb + dpd)y + (fpe + Spd + dye)z 
NP1Z = (Epa + Unf + cpe)u t+ (epf + dpb + epd)y + (epe + Apd + epc)z 





* T have, for convenience, changed the sign of \, which will, of course, not affect 
the question as to the reality of its values. 
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whence 
Spt = Apa + byb + Cpe + Byf + Wye + Bdpd. 


164. We shall now show, by the help of these values for 

, &c. and of the principle established Arts. 19, 21, that every 

ait of the determinants at the end of Art. 162 can be expressed 

as the sum of a number of squares, and is therefore essentially 
positive. Thus, write down the set of constituents 


| Lt 2000S 200 | 
a, b, c, d, & f, d, e, f 


So, Sy 


then it is easy to see that is the determinant formed 








Sip Sz 
from this by the method of Arts. 19, 21, and which expresses 
the sum of all possible squares of determinants which can be 
formed by taking any two of the nine columns written above. 


So5 $1 


The determinant is thus seen to be resolvable into the 








81, 82 
sum of the squares (a — 6)? + (b-c)?+(c-a)+6(?+e+f"), 
and is therefore essentially positive. Again, if we write down 


Vier Cy Be Vales be Per ee | 
ptm UrCi te sme, S; RPT 
|! “eh Ba5Coy! “Das Cay fas” “Oey cyte } 


where a, &c. have the meaning already explained, it will be 
Soy Sip Sp 
easily seen from the values we have found that | s,, s., s; | is the. 
‘S29 Sgy Sq 
determinant which, in like manner, is equal to the sum of the 
squares of all possible determinants which can be formed out of 
the above matrix. And so in like manner in general.* 


165. We have only to add, in conclusion, that being given 


* M. Kummer first found out by actual trial that the discriminant of the cubic 
which determines the axes of a surface of the second degree is resolvable into a sum 
of squares. (‘‘ Crelle,” vol. xxvi., p. 268.) The general theory given here is due, 
as we have said, to M. Borchardt. 
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any symmetrical determinant, we can, by an obvious process, 
write down a quadric which shall have the given determinant 
for its discriminant. Thus it was proved, p. 35, that the elimi- 
nant of any two binary quantics can be expressed as a symme- 
trical determinant, and Mr. Sylvester forms from that determinant 
a quadric which he calls the Bezoutiant of the pair of quantics. 
The discriminant of a quantic can, of course, be expressed in like 
manner as a symmetric determinant, the quadric formed from 
which, and which will be a function of 2 - 1 variables, may be 
called the Bezoutiant of the given quantic. The constituents 
of this determinant can easily be expressed in terms of the roots 
of the quantic. For when the two quantics, p. 35, are the two 
differentials of the same quantic, it is seen without difficulty 
that the determinants (ab’), (ac), &c. are 


aCe. — (3)? = (a - B)>y = (a - B)?yes KC., 
while the determinants (bc’), (bd'), Kc. are 


= (a - 8)", Z(a- P78, = (a — B)7*ees 
and so on. 

From this symmetric determinant again we can form an 
equation in A, as in Art. 156, and Mr. Sylvester has shown that 
the number of real roots of the given equation is determined by 
the number of positive roots in this equation inA. This method 
of determining the total number of real roots of an equation has 
a theoretical advantage over Sturm’s method, since Sturm’s series 
of functions is essentially unsymmetrical, and we get a different 


° ° 1 e ° 7 
series if, by substituting 3 for z, we write the coefficients of the 


equation in an inverse order; while this equation in ) is unaf- 
fected by such a transformation.* . 





* Mr. Sylvester says, p. 513, that the number of real roots in the equation is one 
more than the number of positive roots in the equation for A, a statement which is 
evidently loosely worded, since the equation might not have any real roots at all. 
But as the coefficients in the equation in A are not invariants, I have felt less inte- 
rested in looking for the exact enunciation of Mr. Sylvester’s theorem. 
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LESSON XVI. 


HYPERDETERMINANTS—-SUPPLEMENTARY LESSON. 


166. In order to avoid lengthening Lesson XI. with details 
which some readers might wish to omit, we have thrown into a 
supplementary Lesson an account of the methods which the 
hyperdeterminant calculus affords of expressing one derivative 
in terms of another. The basis of the whole is the following 


e e e d e s : 
identical equation. Let D, denote x — +y a then it is easy 
dx, dy, 


to see that we have identically 
D,23 + D,3t + D2 = 0, (A) 


for, substituting for 23 &c. their values, the coefficients of # and 
y separately vanish (Art. 3). To illustrate the use to be made 
of this equation, we write out the first application we make of 
it in greater fulness of detail than we shall think it necessary to 
do afterwards. Squaring equation A, which may be written 
D28:=1D,13.— Ppl 2:ave get 


2D,D512.13 = D213? + D212? — Dp23. 4 (B) 


In this form the equation is true, even if the functions U,, U,, U;, 
supposed to be operated on, are all different in form. But the 
case which we shall exclusively consider in this Lesson is when 
we are forming derivatives of a single function U, with which _ 
U,, U,, U; all become identical when their suffixes are sup- 
pressed. And in this case we have seen (Art. 108) that 
D232, D?31%, D,?12? are all only different expressions for the 
same thing. Hence, equation B becomes 
DP 2D, D312 13. 

Now, by the theorem of homogeneous functions, the operation D 
performed on any function only affects it with a numerical mul- 


tiplier. On the left-hand side of the equation, since D,? only 
affects U, which is not there elsewhere differentiated, that mul- 
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tiplier is x(z — 1); on the right-hand side D,, D,, each, affect 
functions which have been once differentiated besides; and 
therefore, introduces the numerical multiplier » — 1; conse- 
quently, if we expand the equation 2D,D,12-13 = D,?12?, drop 
suffixes, and divide both sides by 2 (n — 1), we get 


met) x28 eu er, e0(e0) 
da? \ dy dudy dx dy dy \ dx 

Jae oe i (5 a) | 

"dat diy? dady } \ 


/ 





167. It will be observed, that whenever by transformation 
the number of figures in the symbol is diminished, it shows that 
the quantic U is itself a factor in the derivative. Thus, in the 
example chosen, we proved that 12.13 differs only by a numeri- 
cal factor from 12°. But as what we operate on is the product 
U,U,U;, and as the symbol 12? does not affect U; at all; when 
we drop the suffixes, U remains as a factor. 


168. We can show in general that the. derivative 12”.13 
where m is odd differs only by a numerical multiplier from 12”, 
For multiply equation A by 12” and it becomes 


D,12".23 + D,12".31 + _D,12™ = 0, or D,12™ = 2D,12",13, 


since the first two terms differ only by the interchange of the 
figures 1 and 2. 

And in general any symbol r uy be so transformed that the 
highest power of any factor 12 may be even. For the significa- 
tion of the symbol is not altered if we interchange the figures 
1 and 2; therefore, 


122™14, pan ae ] Qeme = LIQ (4, om h2)s 


= 


and by the help of equation A the quantity ¢1 — ¢, can be so , 
transformed as to be divisible by 12. This will be better un- 
derstood from the annexed example. 


Ex. To transform 123. 132.14 so as to contain 124 as a factor— 
2.123, 132. 14 = 213213, 232, 24 = 123 (D23132. 14 — D,3232. 24) 


but if in the last we substitute for D238, Das D312, and for D,24, D.14 — D412 
At 
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the quantity within the brackets becomes divisible by 12, and we have 


2.Do3123 132. 14 = 124 (D22.D413% + Ds?Ds122 + 2D.2D313.14 
— DyD3212.14 — 2D2D3D412. 13). 
The quantity within the brackets may be further simplified by equation B, when 


we have 


4.Do9.D4123. 132.14 = 124 (6Dp2 Dy2132 — D32D,2122 — 2D,?_D2234?). 


169. In addition to the identical equation already mentioned, 
we employ another which can be easily verified, viz. : 


12.34 - 13.24 + 14.23 = 0. (C) 


By the help of these equations we can reduce all symbols to 
certain standard forms, which we denote by special letters, as 
follows. For two factors we take as our standard form the 
Hessian 12? which we call H/; for three factors 122.13 = G; for 
four factors 12‘ = J, or 122.342 = H?; for five factors 121.13 =F, 
or 12?.13.45?= GH; for six factors 12° = K, or 12?.23?.31?=d, 
or 12°.34?.56? = H, and so on. The following examples will 
sufficiently illustrate how these reductions are effected. 


Ex. 1. To express 12.13.14 in terms of the standard form. 
Multiply equation B by 14, when the first two terms on the right-hand side be- 
come identical, while the last term vanishes, and we have 


DzD3l2.13.14 = D2132.14, or (nm — 1) {12.13.14} = nG@U. 
It is easy to see that 12.13.14 denotes the result of substituting in a cubic U, 
10 aU ges 
a for # and — a for y, or, in general, that it denotes the result of a similar sub- 


stitution in the cubic emanant of any function. While the result of a like substi- 
tution in the function itself is 12.13.14.15 &c. Every symbol can, in general, be 
reduced to a more compact form by substituting for every pair of simple factors 
having a common figure such as 12.13, their value by equation B, and so express- 
ing the given symbol in terms of others in which this pair of factors is replaced by 
a square factor. In all future examples we shall suppose this reduction to haye 
been made beforehand, and only discuss symbols prepared so as to have as many 
square factors as possible. Thus, the value of 12.13.14.15 would be calculated by 
multiplying the equations 


2.DoD312. 13 = D32122 +- De2132 = Dy2282 2 2DsDs514 15 = Ds2142 Dgi52 - D,2452, 


when all the terms on the right-hand side of the equation will contain only square 
factors. The result of the process in any symbol of the form 12.13.14.16 &e. will 
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be to diminish the number of figures, and, therefore, such a derivative contains U 
as a factor (Art. 168). 


Ex, 2. To calculate 122.132. 
Raise to the fourth power D,23 = ie os D312, when, collecting identical terms, 
we get 6D22D3? 2122.13? = 8D.3D2123.13 — Ds4124. But, as in Art. 168, 
8.D33D2123,13 = 4D34124, 


and it follows that 12%. 132 also only differs from 124 by a numerical multiplier. Or, 
perhaps, better thus: we know by elementary algebra that the equation a+ b+¢=0 
implies at + 04 + ct — 2a2b2 — 22c? — 2c2a2 = 0. Hence from equation 4 we have 
D,4234 + DeA814 + Ds!124 — 2Dy2D,2232, 312 — 2D,2.D3?31?. 122 


— 2Ds?D1212?, 232 = 0, (D) 
and 


2D2?.Ds212? . 132 = Dst124, or 2(n — 2) (nm — 8) {122.132} = n(n — 1)IU. 
Ex, 3. To reduce 124.132. Multiply equation D by 122, when we have 
2. Dx41 34, 1224 D126 = = 2.D,2D22122 23? 312 + 4D.2D)21 24, 132; 
or 2 (m — 2) (nm — 3) (nm — 4) (m — 5) {124.132} = n(n— 1) (n - 2) (n — 8) KU 
—2(n— 4)? (vm —- 5)27. 
Ex, 4. To reduce 12?.13?, 142, Multiply the three equations 
2D2D312. 18 = Ds212? + De?132 —~ Dy,2232 
2D3D.13,.14 = D213? + Ds?142 — D,2343 
2.D¢D214.12 = D2?14? + Dy12? — D,2242 
when, after assembling the identical terms, and reducing, we have 
6Do? Do2.D42122. 132.142 = — 4Ds812? 232.312 — 3D\2D.2D52144, 232 
+ 6D2D124. 132, 
where, as the value of 124.132 has been already calculated, the value of 122. 132.142 
is determined. 


Ex. 5. To reduce 12?.13?.342, We may either by multiplying equation D 
by 342 obtain an expression for the derivative in question in terms of 125, 132, and 
122.132. 142 which have been already calculated, or else proceed directly as follows. 
Multiply by 14? the product of 
2D2D312. 13 = D32122 ae Dy2132 = D 2232; 2D.D324. 34 = D32242 + Do2342 = Die232, 
and we have 
4. Do? Ds?12, 13.24.34, 14? = 254122. 242.41 4+ Di? D223. 142 — 2D.2D2142, 132. 232 
But from equation C 

9. 142(12. 15.94. 34) = 142022. B42 + TS? Da? — T4332, 
therefore, the left-hand side of the preceding equation becomes 
4 Do2 D3212 2, 142 ; 342 — 2D? Ds? 144 232, 
and hence reducing, we have 
6 Da? Ds? 122. 142. 342 = 3.D22.Ds?14* 232 + 2D5412?. 242. 412, 
or 6 (nm — 2) (n - 3)12?.142. 342 = 3(n—2)(n —- 3)HI + n(n -1)/U. 
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170. We wish next to show how to form the symbol ex- 
pressing any derivative of a derivative. In the first place it is 
obvious that if we have any function of a, x, x3, &c., we shall 
get the same result whether we suppress all the suffixes and 
then differentiate with regard to 2, or whether we take the sum 
of the differentials with regard to a, x, 23, &c., and then sup- 
press the suffixes. The differential, then, with regard to 
of any derivative symbol containing the figures 1, 2, 3, &c. 
(such as 12°.13?) is got by operating on this symbol with 
mS + ee + a + &c. The manner in which other derivatives 
dx, dx," dx, 
are expressed will sufficiently appear if we take a particular ex- 
ample, and show how to express symbolically the Hessian of the 
Hessian. It will be remembered that the Hessian itself is ex- 
pressed by forming the product of U, by the same function 
written with different letters U,, and then operating with 
(Zinz — 2m)? where &, n denote differentials. To form the Hes- 
sian of 12? we form the product 12?.34? and operate on it with 


d d d d 
— 2 = — — ,= — es 
(Ein. Eom) where E, dx, Se diy’ Ee, dit, + dit, &e And 





thus it is easy to see that the Hessian of the Hessian is 
(13 + 14 + 23 + 24)°12?.34?, which expanded is equivalent to 


4 (12°.13?.34*) + 4 (12?.34?.13.24) + 8 (13.14. 12?.34?). 


Or, to take a more complicated example, let us endeavour to 
express symbolically the result of performing the operation 
12?.23?.312 on three different functions, the first being the Hes- 
sian 122, the second being J, or 12?.23?.31*, and the third the 
function U itself. Then we must use different figures for the 
two derivatives, and we therefore form the product of 122 by 


34?.45°.53?, and operate on it with 
(Ein Em)? (Eons Ess)? (Esm = Eins)*5 





Faget: d' ‘di! 
where we are to put for &,, age foré,, Je, * dee 
d : : 
and for &3, ras and the symbol required is found by expand- 
6 


ing 
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(13 + 14 + 15 + 23 + 24 + 25)? (36 + 46 + 56) 
(16 + 26)? 127.342. 45?.53%. 
171. The symbolical expression just given for the Hessian 
of the Hessian enables us to prove that it can be reduced to the 
form JH + \JU, as we saw otherwise, p. 104. In fact, we have 
already seen, Ex. 5, p. 139, that 12?. 132.342 can be expressed 
in the required form, so that it remains only to prove the same 
thing for the other terms in the expression given in the last 
Article for the Hessian of the Hessian. 
Multiply by 12? the product of the equations 


~ 2D,D,13.34 = D234? + Dei3? — De14?: 
2D, D,24.34 = D234 + D224 — De23?, 
when we have 
~ 4D, D,D,D,12?.342.13.24 = D2D,212?.344 
+ 2D.2D212?.13?.24? — 2D19?,237. 31, 





which, putting in for 12?. 13.247, its value already found, gives 


— 12 (m — 3)*{12?.34?.13.24) = 6 (n - 2)? (m - 3) IH 
— 4n(n- 1) (n- 2) JU. 


Again, to calculate 12?.34?.13.14, we have only to substitute 
for 13.14 from equation B, when we have 


2D, D,{12?.342.13.14) = 2D212?.342.13? - D212?.344, 
and substituting as before, we get 
6 (n - 3)?{12?.342.13.14} = 2n(n- 1)JU, 
by the help of which values the Hessian of the Hessian is ex- 


pressed in the desired form. 


172. We proceed now to give a few examples of the appli- 
cation of the same method to ternary quantics. ‘lhe identical 
equations which we now principally use are 


D123 Fe D,234 oe D,134 + D124 (Lf) 
123.145 + 124-153 + 125.134 = 0 (F) 
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to which may be added the corresponding equations for contra- 
variant symbols 


P123 = D,a23 + D,a31 + D,al2 (G) 
al2.a34 + a23.al4 + a31.a24 = 0 (fH) 
where P is av + By + yz. . d 
We have already given the symbolical expression 
123.124.234.314 


for the S ofa cubic; and the principles explained (Art. 170) 
enable us readily to obtain the symbolical expression of 7, the 
latter invariant being defined as the result of operating on the 
Hessian with the evectant of S (see Art. 145). For we have 
only to substitute 4 + 5+ 6 for a in the evectant symbol, viz., 


123.a12.a23.a31, 


and operate on 456, when, on expanding the symbol and reject- 
ing all the terms in which the differentials exceed the third 
degree, we have remaining only terms of the form 


oe 


123.412.523.631 .456?, 


which is therefore an expression for 7. We add some examples 
of the application of the identical equations (), (7), (G), (#7). 


Ex. 1. We commence by proving the relation which, as we asserted, p. 122, 
exists between the quartic covariants of a quartic. Let a, 6, y, 6 be any quantities 
connected by the relation a+ 6++y-+06=0, then, by twice squaring, it is easy to 
see that 8aBy0 = 22a?62— at. Now, applying this principle to equation (£), 
we get 

8.D1Dz,DzD1123. 124.234.3814 = 4D41234 — 12D2.D21232, 1242 
which is the relation required. 


Ex. 2. Let us take as our next example to prove that ® at the foot of p. 114 
reduces, as we there saw, to US in the case of a cubic. . 

We are to substitute in a12?, 4+5+ 6 for a, and operate on 456%, Omitting 
the terms in which any figure exceeds the third degree, the symbol reduces to 
124.125.4562 which we may write 123°.145,245. But, multiplying the two 
identities 





123.146 = 124.135 — 125.184; 123.245 = 124.235 — 126.234 





we get 





1282. 145.245 = 2 (124: 125° 134. 236). 
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Again, multiplying by 124.124. 235 the equation 


D5123 = D235 + D2315 + D3126, 
we get 


D123 124. 134.235 = D,124.134. 235? + 203124. 125.134, 235, 
or, since we have proved the two terms on the right-hand side to be identical, 
(m — 1)123.124.134.235 = 2 (nm — 2)1232. 145.246, 
while finally multiplying by 123.124.134 the equation 
D;234 = D2345 + D3425 + D,235, 


we get 
Ds123. 124. 234.134 = 3D4123.124. 134.236, 
or 
nSU = 3(n — 2)123-124.184. 235, 
whence 


6 (m — 2)2123?. 145-245 = nw (n — 1)SU. 


Ex. 3. In the theory of double tangents to plane curves, explained,‘ Higher 
Plane Curves,” p. 81,* it is necessary to calculate the result of substituting in the 
ae dU eau aU a 
da? de Ya? © de" ay’ 
show that each result is of the form P,»U+ Qn(ax + By + yz)2. We shall in this 
and in the next two examples perform the calculation of Q, Q3, Qi The symboli- 


cal expression for the result of substitution, it is easy to see, is a12-a13-al4.al5 &e- 
Now first to calculate a12.a13, we have only to square equation (@), when we get 


P2123? = 3D32a12? — 6D2D3a12. al3. 


: d 
successive emanants y 7 —6 for x, y, z; and to 


or if we denote the Hessian 1232 by H, and the bordered Hessian a12? by G, we 
have 


6 (n — 1)2a12.a13 = 8n(n — 1)GU — P?H. 
Ex. 4. To calculate a12-a13.a14. From equation (@) we have 
— 2D2Dsa12-a13 = P?123? — 2PD,123.a23 + D2a23? — D22a31? — D;al2?. 
Multiply by a14, two of the terms vanish identically, and 
— 2(m — 1)%al2-a13 = P21232.a14 — 2” (n — 1)Ual2?-al3. 


To prove that 123.a23-a14 vanishes identically, we have only to multiply equa- 
tion (H) by 123, when since the terms in it differ only by a permutation of the 
figures 1, 2, 3, each must separately = 0. In like manner, it is proved that 
123.a23.a14.al6 is identically = 0, of which use is made in the next example. 


Ex. 5. To calculate: a12.a13.al4.a16. We must multiply together the 
equations 


* I have recently published a different method of obtaining the points of 
contact of double tangents: see ‘‘ Philosophical Magazine,’ October, 1858. 
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2.D2Dsa12.a13 = P2123? — 2PD123.a23 + D,2a23? — D.2a31? — D;2a12? 
— 2D,Dsal4.a15 = P?1452 — 2PD145.a45 + Dya45? — Dead? — D;2al4?. 
The product, we know, must be of the form 2,U + Q:P?, and for brevity we only 
investigate the value of Qy, and omit that part which is multiplied by U, indicated 
by one or more figures disappearing from the symbolical expression. The result 
then will be 
4 (n — 1)4 (a12-a13-a14-a15) = P#123?. 145? — 4P3D,123?. 145.045 
+ 2P?_D2123?.a45? + 4P2D,2123-a23.145-a45 — 4PD)3123. 023.045 
But the last two terms destroy each other, as appears on substituting in the first of 
them for P145, D,a45 + Dsad1 + Dsal4, when the difference vanishes identically. 
It remains, therefore, that 
4 (m — 1)4Qs = P?1232. 145? — 4 (nm — 3) P123?.145.a456 + 2(n — 2) (nm — 3)HG. 


where H is the Hessian, and G the bordered Hessian. 

Ex. 6. To determine the double tangent curve of a quartic it is necessary 
(‘‘ Higher Plane Curves,” p. 88) to calculate Q;? = 3Q2.Q; where Qe, Qs, Qy, have 
the values found in Ex. 3, 4, 5, that is to say 6(m — 1)? Q, = — H, and 


—2(n — 1)?Q3 = 1232. a4. 
We have hence : 
4 (n — 1)#Qs? = 1232. a17-4562.a48. 
But : 
Dsal7 — D;al8 = P178 — Dia78 
Dsa47 — D,a48 = P478 — Dya78. 
Multiplying, we have 
— 2D;Dsal7 -a48 + 2Ds2a17-a47 = P2178 -478 — 2PD178-a78 + Di Dya78?. 
Multiplying by 123?.456? and omitting a term multiplied by U, we have 
— 8(n—1)8Q,? = P2123? , 4562.178 .478 — 2(n— 2)PH123?.178-a78 + (n—2)2H24. 
And from the values already found, for Q2 and Q, 
2(n — 3)Qs? — 3(m — 2)Q2.Q4 


is proportional to 

2(m — 8)123?. 4562. 178.478 — (m - 2)H1232. 1452. 
The first term may easily be seen (see Art. 170) to be the symbolical expression for 
8, which is the result of substituting es &c. for x &c. in the bordered Hessian. 
The covariant 1232, 1452 may be easily calculated by squaring the bordered Hessian, 
and then substituting . &e. for a &e. This covariant only differs from that 
ealled ® (Art. 145) by terms multiplied by U. 


NOTE ON COMMUTANTS. 


Havrne for the sake of brevity omitted all mention of commutants in the 
foregoing Lessons, we add a note to explain the meaning of the word. 
It will be more easily understood if we first explain what Mr. Sylvester 
has called his wnbral notation for determinants. Consider, for example, 


the determinant 
ada, ba, ca, da 
aB, bB, cB, dp 
ay, by, ey, dy 
ad, b8, 8, dé 


the constituents of which are aa, da, &c., and where a, b, c, &c. are not 
quantities, but, as it were, shadows of quantities; that is to say, they 
have no meaning separately, except in combination with one of the 
other class of umbre a, 8, y, 6. Thus, for example, if a, 8, y, 6 re- 
present the suffixes 1, 2, 3, 4, the constituents in the notation we have 
used p. 8, &c., are all formed by combining one of the letters a, 5, c, d 
with one of the figures 1, 2,3,4. Now the determinant above written 
may be written more compactly 


Ged, ¢,. a, 
a, P, Y, 9, 
which denotes the sum of all possible products of the form aa.bB.cy.dé 


obtained by giving the terms in the second line every possible permu- 
tation, and changing sign according to the ordinary rule with every 


permutation. 
' So again, let us for brevity write &, for - = then it is easy to 


see what according to the same rule would be meant by 


cn, Sy aa ie 
E, 4, e En, °° 


We compound the partial constituents in each column in order to find 

the factors in the product we want to form, and we take the sum with 

proper signs of all possible products obtained by permuting the terms 
U 
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in the lower row. Thus the first example denotes &.9° — &.&y, 
which is the Hessian; and the second denotes £. £°7?.y* — &*. Ey. Ey &e., 
which is the ordinary cub-invariant of a quartic. 

Again, since multiplication is performed by addition of indices, it 
will be readily understood that we can equally form commutants where 
the partial constituents are combined by addition instead of by multi- 
plication. Thus, considering the quantics 


(a, a, a, Xx, y)’, (a, a3, 2, hy, a Kx, y)', 


the invariants in the last two examples may be written 


10 2,1, 0 
1, 0 2, 1, 0 
which expanded are a.4, —- AA, ; Ahally — Aya, + &e. 

All these commutants with only two rows may be written as 
determinants, but it is a natural extension of the above notation to 


form commutants with more than two rows, such as 


&, 7 1, 0 e, £9) T- 
E, 9 1, 0 *, &, 7°. 
E, 7 1, 0 *, &q, 9° 
&, 7 1, 0 £, &y, 7° 


These all denote the sum of a number of products, each product con- 
sisting of as many factors as there are columns in the commutant, and 
each factor being formed by compounding the constituents of the same 
column; and where we permute in every possible way the constituents 
in each row after the first. Thus the first and second examples denote 
the same thing, namely, the quadr-invariant of a quartic expressed in 
either of the forms &.7* — 4&7. &7° + 3&n?. &y? or ayy — 430, + 32M, 
while the third example &. £y*.7° — &e. denotes the cub-invariant of 
an octavic given at length, p. 81. 

So, in like manner, the invariant expanded, p. 117, may be written 
as a commutant 


Z, Y, & 
ay, & 
a, B, 
a, B, Y 


We have seen that the two invariants of a binary quartic can be 
expressed as commutants, but it will be found impossible to express in 
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the same way the discriminant of a cubic. Thus, the leading term 
in it being a,"a, or £3393, we are naturally led to expect that it might 
be the commutant 


Es oy 7; 
SF Ms by) Ys 
E, q; E, UB 


but this commutant, instead of giving the discriminant, will be found 
to vanish identically. It may, however, be made to yield the discri- 
minant by placing certain restrictions on the permutations which are 
allowable. For further details I refer to the papers of Messrs. Cayley 

and Sylvester in the ‘‘Cambridge and Dublin Mathematical Journal,” 
1852. 


THE END. 
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